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Abstract

Extensive (asymptotic) spatiotemporal chaos is comprised of statistically simbaystems that
interact only weakly. A systematic study of transient spatiotemporal cleaesls extensive system
behavior in all three reaction4glision networks for various boundary conditions. The Lyapunov
dimension, the sum of positive Lyapunov exponents, and the logarithmedfadhsient lifetime
grow linearly with system size. The unstable manifold of the chaotic saddledaty the same
dimension as the saddle itself, and the stable manifold is nearly space fillingndjbety of this
work is published in D. Stahlke and R. Wackerbatrys. Rev. E80(5):056211, 2009.[1].
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Chapter 1

Introduction
Transient spatiotemporal chaos is a generic pattern in extended nitibrégu systems in which
spatiotemporal dynamics spontaneously changes from chaotic to regpglady( state or periodic)
behavior. Transient spatiotemporal chaos was found in models for semuctor charge trans-
port [2], for the CO oxidation on single-crystal Pt surfaces [3]d@ubic autocatalytic reaction [4],
in models of turbulent dynamics [5, 6], and in systems of coupled logistic nTap$. [Experimental
studies show that turbulence in shear flow is transient [9]. “Stable tlaitk a negative Lyapunov
exponent) is transient in systems of coupled one-dimensional maps [10].

Extended chaotic systems that have no long-range interactions ardeskfebe uncorrelated
at large length scales and therefore should behave as a sum of thejddir Then spatiotemporal
chaos is extensive, and the spectrum of Lyapunov exponents geswvera function that is intensive.
This implies that the attractor dimension (Lyapunov dimension) grows in diregogtion to the
volume of the system [12, 13]. While extensivity in (asymptotic) spatiotempbrabs has been
studied for a while [12, 13, 14, 15, 16, 17], extensivity in transientisgamporal chaos is rather
unexplored [3, 18].

The average lifetime of transient spatiotemporal chaos typically growsnexypially with the
volume of the system [4, 19, 20]. The origin of this exponential scaling i fii@dy due to the
probability for randomly uncorrelated regions generating a global pattetrinitiates the collapse
of spatiotemporal chaos [21, 2, 18]. This feature of transient spatiaehphaos particularly
motivates more detailed studies on extensive properties in transient dynamics

This paper systematically explores and verifies extensivity of transieniosgmporal chaos
in three reaction-diusion networks and a variety of boundary conditions. Section Il intresluc
the three excitable reactionffiision networks with Gray-Scott reaction dynamics [22], witirB
Eiswirth reaction dynamics [23], and with Wacker-8tthreaction dynamics [2]. The lifetime of
transient spatiotemporal chaos is discussed in Sect Ill, and the Lgampectra and dimensions
are investigated in Sect. IV. Section V describes dimensional properttbe chaotic saddle, and
Sect. VI focuses on various densities and their qualitative statistical ietatjgms.



Chapter 2
Reaction-diffusion networks
The networks consist dfl diffusively coupled, identical, continuous-time dynamical elements. At
each network node(n = 1,2,...N) the uncoupled dynamics is given l9§tﬂ = F(xn) with x, a

d-dimensional state vector. The reactioiffaision network is given by

dxn N

¢ = Fom) + D;anij. (2.1)
D is a global coupling parametet is ad x d diagonal matrix representing the relativéfdsion of
each speciess is anNxN symmetric Laplacian matrix required to meet the condiﬁﬁhl Gj; = 0.

For a regular network in one dimension the coupling ma&is
Gij = Vizj = 0j,j-1 — 26ij + 6ij+1, (2.2)

with i, j = 1,2,...N. The indices are equivalent modulo N for periodic boundary conditionds a
Gi1 = di2 — i1 andGjy = di.n-1 — din for no-flux boundary conditions. In the presence of a single

shortcut of lengttk between node 1 and+ 1 the coupling matrix becomes
Gij = Vi + 6i1(0jks1 — 6if) + Sike1(5j1 — ij)- (2.3)

The coupling strength parametercontrols the characteristic length scale. From the rescaling of
Eqg. (2.1) it follows that the general characteristics of the system remaisatie ifN andD are

both increased while holdiny/ VD constant. IfN goes to infinity withN/ VD held constant the
system approaches a continuous form. On the other haNd@nd henceD) is made too small
discretization #&ects will start to become significant and eventually the system will no longer be
able to support chaos. In this pafeiis large enough for the networks to be good approximations
for the continuum system, except where noted otherwise.

We consider three excitable dynamical systédmdhe Gray-Scott (GS) system [22], thé&B
Eiswirth (BE) system [23], and the Wacker-&th(WS) system [2]. Each of the systems consist
of two speciesd = 2), so eaclx, is a two-dimensional vector. Thus the uncoupled system does
not exhibit chaos, and spatiotemporal chaos is induced by fhgsidie coupling of the excitable

dynamical elements in Eq. (2.1).



The Gray-Scott systeifi22] represents an open autocatalytic reacfion2B — 3B andB — C.

F( ]

wherea andb are dimensionless species concentrations,¢aaddu are bifurcation parameters.

The equations are
1-a- pab?
ual? — db

10
01

a
b

andH = , (2.4)

In the parameter regime of coupling-induced spatiotemporal chaos théofuirchas three fixed

points: S" = (1,0) is a stable node that exists for all valuespofind, and the additional fixed
1- V1462 1+ V1-492/u _ (V1402 1-V1-4%u
( 2 T 2% ) andS® = ( 2 2%

points St = ) exist for values ofu

above the saddle node bifurcation pqih = 4¢%. Whenu > usn, SSis a saddle point and within
the range % ¢ < 4, S' is an unstable focus for values pbelow the subcritical Hopf bifurcation
pointuy = ¢*/(¢ — 1). The parameter ranggd un] yields wave induced spatiotemporal chaos,
with uc being the critical threshold for traveling wave solutions [4]. Boe 2.8, uc ~ 33 and
un ~ 34.1. In the Gray-Scott network [Eqs. (2.1, 2.4)] the spatiotemporal cisa®inikov-like; a
typical trajectory at a network node spirals away from the unstable foeesd the stable node, and
then is reinjected into the neighborhood of the unstable focus by the @tipggeaction-dtusion
front [24]. For the calculations in this paper we have used the parametef33.5, 33.7,33.9} and
®=28.

The Bar-Eiswirth systenfi23] describes a surface reaction model for the oxidation of CO on Pt

and is given by

a1 — _ b
F[a}:{e(l a)(a a)}’H:[l o}’ 25)
b f(a)-b 00
and
0 if a<1/3
f@) =4 1-6.75a@@-1y% if 1/3<a<1 .
1 if a>1

arepresents the activator concentration Bmdpresents the inhibitor concentratien,3, ande are
bifurcation parameters, with determining the dference in time scale between the slow variable
b and the fast variabla. In the parameter regime of coupling-induced spatiotemporal chaos the
function F has three relevant fixed points, a stable n&de= (0,0), a saddle poingS = (g,O),

and an unstable focus which must be computed numerically. Additional fisiedispat (11) and

(1%, 1) are not relevant to the region of phase space in which chaos eX@t$rithe Bar-Eiswirth



network [Egs. (2.1, 2.5)] a backfiring instability is reported to be the origspatiotemporal chaos;
the traveling pulses become unstable to allow reexcitation behind the pulseate newv pulses
[23, 25, 26]. In this paper we use the parametets0.84,5 = 0.07, ande = 0.12.

The Wacker-Scholl systef@] describes charge transport in a simplified model of layered semi-
conductors and is given by

{25
b a(jo— (b-a))

wherea represents the interface charge density, Brrdpresents the dimensionless voltage [2].

0d

ol
andH = , (2.6)

The bifurcation parametgp represents normalized external currentletermines the time scale of
the systemd is an dfective difusion constant, andis an internal system parameter [27]. In the
parameter regime of coupling-induced spatiotemporal chaos the furketi@as an unstable focus

at ((jé{fl)r, jo + (jg{r"lﬁ) and a stable limit cycle. In the Wacker-Sthnetwork [Egs. (2.1, 2.6)]

a Hopf bifurcation as temporal instability and a Turing bifurcation dBusglive instability cause
the irregular spatiotemporal spiking pattern in spatiotemporal chaos [2&]us# the parameters
a = 0.02,7 = 0.05, jo = 1.21, andd = 8, for which the system is near a codimension-2 Turing-
Hopf bifurcation point.

All of these three dynamical systems have an excitable attractor (eithepntahet cycle) such
that strong enough stimuli can cause large excursions from the attrhctbe BE system and GS
system the stable manifold of the saddle acts like a separatrix between exattedasd states of
immediate return to the attractor. In the WS-system the limit cycle is attracting bliyaptinov
stable. Its excitation cycles grow continuously with increasing perturbatan the limit cycle,
and their size is large in comparison to the limit cycle already for small perturisdfiiom the limit
cycle. In all three systems, spatiotemporal chaos is introducedfluside coupling, and regular
attractors are accessible in the case of the spatially homogeneous systse.sybtems fier in
their coupling as the GS system has equéldivities, the BE system has zerdtdsivity for one
species, and the WS system has féudion-driven Turing instability. The bifurcation scenario for
the uncoupled systems is alsdfdient: the GS system, Eq. (2.4), reaches the parameter regime of
spatiotemporal chaos, in which there is no limit cycle present, via a subckiaaf bifurcation;
the BE system, Eq. (2.5), reaches the parameter regime of spatiotempaoal ahwhich there
is no limit cycle present, via a supercritical Hopf bifurcation that genetatesnstable focus and
a stable limit cycle, which disappears via a saddle loop bifurcation; in thenedea regime of



spatiotemporal chaos the WS system has a stable limit cycle that is generateduparcritical

Hopf bifurcation.



Chapter 3
Lifetime of transient spatiotemporal chaos
Earlier studies have reported that spatiotemporal chaos is transient in dhginh@nsional WS
model [2], the two-dimensional BE model [3], and the one- and two-dimansi@S model [4].
After a regime of sustained spatiotemporal chaos with a rapid decay oflsmatielations and a
positive largest Lyapunov exponent, the systems exhibit a spontgrsstesm intrinsic collapse to
a regular state (Figs. 3.1a-e). Such a sudden collapse points to theteoeisf a chaotic saddle

with the regular attractor(s) [18].

@ (b) (© (d) (€

Figure 3.1. Spatiotemporal pattern of the variadiuring the collapse of spatiotemporal chaos for
(a) the Gray-Scott (GS) system € 33.7,® = 2.8, D = 16,N = 210, and 240 time units shown),
(b) the Bar-Eiswirth (BE) systemd = 0.84,8 = 0.07,¢ = 0.12,D = 16, N = 200, and 240 time
units shown), and (c-e) the Wacker-8h(WS) system ¢ = 0.02, 7 = 0.05, jo = 1.21,d = 8,

D = 0.25, and 24000 time units shown) withfidirent network sized\ = 500 in (c),N = 460 in
(d),N = 420in (e)]. The dotted line represents the time of collapse as determined algotithm,
with the transient lifetime§ = 4574539 (a),] = 3600582 (b),T = 24794 (c),T = 491481 (d),
andT = 32531 (e). The pattern in (c) was observed often, with the initial wavy rdiists from
periodicity disappearing for large simulation times. The patterns in (d) andge less common.
In (d) the asymptotic state is rotated in space and time, which allows a spatial geatds a half-
integer fraction of the system size. The numerical integration used peboditdary conditions
and a 4" order Runge-Kutta integration method with a numerical integration timest&p-10.003
for the GS and BE systems and = 0.03 for the WS system.

For the GS system and the BE system spatiotemporal chaos collapses t@kydpamoge-
neous stable steady state, in which the dynamics at each network noldes#a asymptotic stable



steady stat&" of the uncoupled system. This spatially homogeneous state representsatimattr
on the synchronization manifold [19] in Eq. (2.1). For both systems thei@masinspatiotemporal
chaotic pattern is characterized by an irregular distribution of black pstdhewhich trajecto-
ries of neighboring network nodes approach the stable steadySStafeche homogeneous system
(Fig. 3.1a and b) together. In the WS system the transient pattern is thaad by an irregular
spiking (Figs. 3.1c-e). The lighter color corresponds to trajectoriegighiboring network nodes
being closer to the stable limit cycle of the homogeneous system, whereasrithepdes corre-
spond to neighboring trajectories away from the stable limit cycle. Our simutasioowed that the
asymptotic regular state was periodic in time with various spatial $hifts

Transient spatiotemporal chaos is often characterized by the rate dt arhniensemble of sys-
tems with diferent initial conditions collapses [2, 3, 18], since the transient dynaraicbe very
long-lived. We calculate the average lifetifig) for transient spatiotemporal chaos explicitly for
all three systems. For the Gray-Scott and th-Biswirth systems, spatiotemporal chaos only
collapsed to the stable node on the synchronization manifold, and the lifétiofi¢ransient spa-
tiotemporal chaos is determined from

T = inf {mnax X(t) = > me(t)

m

< 10—6} (3.1)

where||-||, denotes the maximum norm over the components dfransient spatiotemporal chaos
in the Wacker-Satil system always collapsed into a periodic asymptotic state, and the lif@time
is determined by tracking a (finite time) maximum Lyapunov exponent [28]. Vthe maximum
Lyapunov exponent, averaged over a gliding window of 150000 time wlribps below zero, the
system is deemed to have reached a non-chaotic state starting at the lipgfrthiawindow.
Figures 3.2 (a)-(c) show that the average transient life{imef spatiotemporal chaos increases
exponentially with the network sizd for all three systems. Hence 1¢§) is an extensive quan-
tity. The rate at which logT) increases withiN (slope of the linear fit in Fig. 3.2) depends on the
boundary conditions, which is consistent with earlier studies on the Ceait-System [4, 29, 19]

1The temporal period; and the spatial period were defined ax(i + d;, t + d;) = x(i, t). A 2-dimensional autocorre-
lation analysis for the patterns in Fig. 3.1c - ) yields a temporal peridd-6f7120 andd; = 0.0 for (c),d; = 7022 and
d = -7.4 for (d), andd; = 9698 andd; = —24.5 for (e). In comparison the period of the limit cycle for the uncoupled
WS system ig, = 257.6.

2This method determines the lifetime withfBaient accuracy, assuming that the maximum Lyapunov exponent is
positive on average during the chaotic transient dynamics and zereoage during the non-chaotic dynamics, which is
the case when the attractor is not a fixed point. All simulations for the Weiérl system fulfilled this criterion.



and similar to results for the two-dimensionaBEiswirth system [3]. If only the larger values of
N are considered the slopes are quite similar to each other and it is possittieethabnverge as
N — co. For example, if only data points f¢¥ ) > 10° are fitted the slopes for periodic and no-flux
boundary conditions agree to within 10% for the Gray-Scott model, whicimitag to how much
the slopes change when shifting the d¢Eifoom (T) > 10* to (T) > 10°.

This independence of the slopes from boundary conditions is supdootach qualitative ar-
gument. Exponential scaling of the average lifetime with the networkiSiaeises if a system is
comprised of weakly interacting and statistically uncorrelated units of lehdtHP is the probabil-
ity for a unit¢ to be conducive to loss of chaos at any moment of time, then spatiotempaca ch
collapses with the probabilit"/¢, when all units are in a state conducive to collapse [18, 21]. The
logarithm of the average lifetime is then 160) ~ (—N/£) logP. If a boundary condition changes
the probability for collapse in one of the units @, then the logarithm of the average lifetime
would be logT) ~ —log[Q « PN/é-1] = (=N/£&) log P — log(Q/P), which does notfliect the slope.
This line of reasoning is of course valid onlyQf # 0*.

Fig. 3.2 (b) also reveals that I@d ) shows significant deviation from extensivity in the Wacker-
Scholl system, especially for smaller network siZzdsand periodic boundary conditions. As the
number of nodes increases the oscillations ofTbgaround the linear fit decrease in amplitude and
match more closely the expected extensivity. One possible explanation fieiztion from exten-
sivity is that spatial period must be an integer multiple of network size. Thisthgsis is supported
by the fact that the most commonly observed asymptotic pattern [2] as we# asdiilation of the
deviation from extensivity of logT) both have a spatial period of approximately 100 nodes. For
larger networks the deviation from extensivity decreases, since intes@asier to approximate
any given spatial period with an integer fraction of the network size.

An earlier study showed for the Gray-Scott system that the average liftinedated to the
number of unstable transverse modes along a typical trajectory within thbreyization mani-
fold [19]. The number of unstable transverse modes as well a&llogre extensive quantities.
Both quantities increase linearly with the network size for a given couplimpgthD, and they

both increase linearly with/1VD for a given network sizé\.

3In the Gray-Scott system the probability for local extinction could be aatmtwith the probability? of a unit to be
conducive to collapse. Test simulations show that no-flux boundagiions as well as shortcuts in the network change
locally the probability for local extinctions.

“Transient spatiotemporal chaos can become asymptotic for a cobstarttary condition that provides a superthresh-
old perturbation to the excitable reactiorffdsion network [4].
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Figure 3.2. Average transient lifetird& ) versus number of network nodbisfor (a) the Gray-Scott
system, (b) the Wacker-Sgh system, and (c) the &-Eiswirth system. Various boundary condi-
tions were used, including no-flux), periodic ©), periodic with shortcut of length 5@, and
periodic with shortcut of lengthl/2 (A). Each data point was determined from at least 104 random
initial conditions. The error bar (1 standard deviation, not plotted heregdch data point is of the
order of(T) [19]. The lines show least squares linear fits of the average transigithiifs. The lin-

ear fitincludes the range of network sizé¢gor which the average lifetime was consistently greater
than 1d, in order to exclude artifacts from the exaggerated significance ofdayrconditions for
smallN. The lifetimes for smalN can also be féected by the initial transient before the chaotic
saddle is reached. All the other parameters and simulation procedutes aeme as in Fig. 3.1.
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Chapter 4
Lyapunov Exponents
4.1 Definition
Informally the first, or largest, Lyapunov exponent represents theatatbich almost any infinites-
imal perturbation will grow over time, or in other words the rate at which twotidahsystems with
nearly identical initial conditions will diverge. Suppose thats a function mapping an initial state
X(t = 0) to the corresponding state at titne T. An identical system with nearby initial conditions

X(t = 0) + ey(t = 0) will then evolve as

X(t="T)+ey(t=T)="f(x(t=0)+ey(t=0)) (4.1)
=X(t=T)+eJTy(t = 0)+ O(e?) (4.2)

whereJT is the Jacobian df,

T
] (4.3)
dX  |y¢-0)
Therefore, to first order ia,
y(t=T) = JTy(t = 0). (4.4)

They are calledperturbation vector®r tangent vectorsThe average rate at which varioygrow
or shrink over time is given by thieyapunov exponentg (with i € {1,...,dimx}). The existence
of the Lyapunov exponents is given by the Oseledets theorem.
Let u be an invariant measure. The Oseledets theorem [30] states thaalimost allx and for
ally # 0, the limit
A= TIim —log—— (4.5)

exists and assumes up kbdifferent values wherH is the dimension of the state space. The limit
value depends oy but not onx (with the caveat that thitheorem itselfapplies only for almost all

X). If 21 > ... > Ay are the diferent possible limits then the initial perturbations leading to limits
A < A; form a sequence of nested subspat¥s= Wy o ... > Wi, D {0). In other words, the initial
perturbationy € W, \ W1 will yield 2 = ;. The Oseledets theorem actually applies to a wide class

of matrix-valued functions, but when applied to the Jacobian matrix givelsyiqgunov exponents.
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4.2 Computation of Lyapunov Exponents | - Theory

Since the seW; \ W, covers almost all of tangent space, it follows that almost all perturbations
grow at a rate given by the largest Lyapunov expongrisometimes referred to dlse Lyapunov
exponent). A randomly chosen perturbation vector will therefore almostioly expand at rate;.
Within the W, subspace, almost all perturbations are contained wihi W3 and so will grow at
a rate of1,. A unit disk centered at the origin in tangent space and given a randemntation will
therefore almost certainly have most of its circumference contain@d i, but intersect, \ W3
along a single diameter. The disk (which actually turns into an ellipse) will thew gtaated;
along one axis and at raiie along the other axis, so its area will grow at raid,. Since tangent
space is linear, any shape that is coplanar with the disk will expand (tnactnin area at the same
rate [31].

Consider now a sd¥/4, ..., yy} of randomly chosen tangent vectors. Any individual vector (for
exampley,) will grow in length at ratel;. Any pair of vectors (for examplg, andy,) will define a
parallelogram which will grow in area at ralgl,. Any set of three vectors (for example, y,, and
y3) will define a parallelepiped having a volume that grows at fafe13. In principle, observing
the evolution of a set dfl tangent vectors gives enough information to compguaie. . ., An}.

In practice this nive method will lead to ill-conditioned shapes whose volumes cannot be com-
puted in an accurate way. All of the perturbation vectors will grow expbaky at rate1; and will
tend to align along the direction of most rapid growth. The parallelogrametefigy, andy, will
technically have area approachiaty'?' as timet — oo, but will rapidly be stretched into the shape
of a thin needle whose area cannot be reliably computed. Numericad @ilbcompletely swamp
the 1, factor. The solution is to periodically normalize and orthogonalize the se¢mfifbation
vectors using the Gram-Schmidt process. Orthonormalization causeséiielptopes to become
hypercubes of area 1 and the vectors become well conditioned frommputational perspective.
The crucial property of the Gram-Schmidt transformation is that the resydtaallelotopes will
have hypervolume that grows proportionately the same as it would have abdemce of the or-
thonormalization process.

The Gram-Schmidt procesonsists of subtracting from each vecygyits projection onto each
of the previous vectorg/,}1<n<m to produce vectorsy, which are all orthogonal to each other. The
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Vi, vectors are then normalized to produce orthonormal vectqrs

Vi=Y; (4.6)

U = Vi/Ival (4.7)

V2 =Y, = (Y [ upug (4.8)

Uz = V2/|V2| (4.9)

V3 = Y3 — (Y3 | Up)us — (y3 | U2)uz (4.10)

Uz = va/|v3| (4.11)
etc

The parallelotopes generated by the set of vedters .., vy} for m < N have the same hyper-
volume as the original set of vectofy,, ..., Yy}, and this hypervolume is equal {d;",|vil. The
vectors{us,..., Um}, being orthonormal, generate a hypercube of hypervolume 1. Thiegspas
stated in Eq. (4.6)-(4.11), tends to have poor numerical stability. Forlyriate is easily fixed by
using what is probably the easiest humerical implementation of the aboveatgidn which the
values of the vectors are progressively updated in-place and theéedpeue used for the next
projection operation. See [32] for details.

The process focomputing the Lyapunov spectrimas follows. First, an arbitrary set of or-
thonormal perturbation vectofa’), ..., u®} is chosen. For each iteratiémthe{u$™®, ..., ul™b)
vectors are evolved for a time€T using the linearized equations of motion to prod(yfl@ yﬂl‘)}
which are orthonormalized using the Gram-Schmidt process to prQ\d&‘?ce. (k)} and{uy W ., ﬂ,()}.

The volume expansion during this time of eantdimensional parallelotope is given by

m
- l_[|vi(k)|, (4.12)
i=1
withme {1,.. These{s(lk) SE\I) values are stored and tl{1 ...,uﬂl‘)} are used for the

next iteration. AfterK iterations the total volume expansion of tlmedimensional parallelotope is
given by

St = ]_[ u (4.13)
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Since anm-dimensional parallelotope expands at an average ra}&of 1, the Lyapunov expo-
nents satisfy the relation

m
1
_ ) (K)
D= Jim IS (4.14)
n=1
1 5 ®
= lim —— In 4.15
Jm. KATKZ:’{ S (4.15)
= lim —— Injv;™|. (4.16)
Koo KAT S

Therefore the individual Lyapunov exponents are given by

K
_ T ®
A= Jim kZ:;Imvi | (4.17)
K
_ i L ®
_g@wTélmvi . (4.18)

4.3 Computation of Lyapunov Exponents Il - Implementation

Figure 4.1 presents a pseudocode implementation of the algorithm outlined iretheys section.

It is assumed that the dynamical system is of the farea f(x), although the same recipe should
work for systems that depend explicitly on time. In the case of a reacti@usitin network, the
state vectox and perturbation vectong each have one element for each variable of each node.
For example, the Gray-Scott model has two variables per node, so in arketith 100 nodes the
vectors would be dimension 200. Th#&) are the Jacobians bkvaluated ax(t).
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constantAt « time step

constanfl;, « renormalization interval (eg. 1000)

constantM « number of Lyapunov exponents to computedim x)

X « random initial condition

Y1i,--.,Y¥YMm < random orthonormal vectors

t « O (time variable)

ai,...,ay < 0 (Lyapunov accumulators)

main loop (to be executed until satisfactory convergence has beenedhigv

iterate for timeT,, (i.e. for Ty, /At steps):

propagatex usingx = f(x) with Runge-Kutta integration
compute Jacobian¥t), J(t + At/2), J(t + At)

forie{l,...,M}:
propagatey; usingy; = Jy; with Runge-Kutta integration
t—1t+At

orthonormalize perturbations:
forie{l,..., M}
a < a + log(ly;l)
Yi < Yillyil
forjef{i+1,...,M}
Yi <Y =i ly)pyi
compute Lyapunov exponents:
forie{l,..., M}
Ai < aj/t
write Lyapunov exponents to output file

Figure 4.1. Pseudo-code for computation of Lyapunov exponents

Runge-Kutta integration of thg requires the Jacobiardt), J(t + At/2), andJ(t + At). Com-
putation of these Jacobians requires knowledgdtdf x(t + At/2), andx(t + At) which in turn must
be obtained using Runge-Kutta integration. Therefore, the process uliimeqaires evaluation of
f at time substeps df t + At/4,t + At/2,t + 3At/4, andt + At. The result ofk(t + At) obtained in
this process can be used to propagat@ddditionally, the values ok(t + At) and J(t + At) can be
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saved and used aét) and J(t) during the next iteration, although théieiency gained by doing so
may not justify the additional code complexity involved.

Code ¢ficiency:

e In the case of a typical reactionfflision network the dimension afmay be on the order of
100-1000 or more, rendering the operatiyn extremely indficient. Fortunately, the Jacobian is
separable in this case (as long as thudion term is linear) into reaction components that operate
within each node and aftlisive component that operates between neighboring nodes. If, xy
are the per-node components of the state varialtthen in the case of a reactionfidlision network

x = f(x) can be written

dx N
d—t” = Fn(Xn) + D;anij, (4.19)

and ify,,...,yy are the per-node components of some perturbation vegdteny = Jy reduces to

dvn

N
i = Il Yo+ DZanHyj (4.20)

=1
where JF,,  is the Jacobian df, evaluated ax,. Since dink, is typically on the order of 2-3, the
matrix multiplication is much more manageable in this form.

¢ Although it is technically suitable to choose completely random initial perturbsgioand
any initial statex in the attractor’s basin of attraction, some strategic choices can speedinjtithe
convergence of the Lyapunov exponents. The best choice for thd stittax would be something
that will quickly converge to the attractor without making any large detouns.iilitial perturbations
y; should be chosen to in some way resemble the actual Lyapunov vectatss Tdsay that the first
few (y4, Yo, . ..) should be chosen such that they can be expected to grow in magnituatdeast
to not quickly decrease in magnitude. For instance, choosing Fouriersmatiefrequencies being
assigned in order tg;, Y5, ... would be a good choice because these resemble the eigenvectors of
the difusion term. Delta functions would be a poor choice because they woulgallyaecrease
in magnitude due to the filusion term for quite some time before aligning themselves in a more
natural direction. This would give the initial Lyapunov accumulators a |laegative bias. Any
initial bias will cause an error in the final result that decreases slowly (@ite on the order of
o(T)).

e The choice ofM (number of Lyapunov exponents to compute) can dramaticélcathe
runtime of the algorithm. For smalll execution time is dominated by the Runge-Kutta integrations



16

which collectively have a runtime that grows@@At~2T M dimx). For largerM the Gram-Schmidt
orthonormalization dominates and runtime grow®E1 T M2 dimx). It is therefore advantageous
to compute only as many Lyapunov exponents as needed. Computation ahloyegimensiorD ,
(to be discussed in the following section) requires computatidvi of D » Lyapunov exponents. A
good strategy is to make an educated guess of the valDe athooseVl somewhat larger than this,
run the simulation for a while to get a refined valuel»f, and then use a value & somewhat
larger than that for the final (lengthy) simulation.

4.4 Lyapunov spectrum and related quantities

Measures that quantify chaotic attractors can also characterize chaddies (transient spatiotem-
poral chaos) for large network sizes, if the lifetimes are long enouglhifmeasures to con-
verge. The Lyapunov spectra for the reactiofitdiion networks in Eq. (2.1) were computed
numerically [31] from infinitesimal displacement vectors aboutx, that evolve according to
% = Jlx, Yn + DZE\‘Zl GnjHy;, where J|,, is the Jacobian oF evaluated ak,. With periodic
Gram-Schmidt orthonormalization of thyg vectors everyl, time units, and with the logarithm

of the corresponding normalization dheients being added to a running tay, the (finite time)
Lyapunov exponents are given Byt for any timet [31]. Fourier modes were used as initial pertur-
bations, although the choice of initial perturbation should have liffieceon the final result [31].

A renormalization interval off;, = 3 time units was used in all cases, and simulation times var-
ied between 2.810° and 5.610° time units. The Lyapunov spectra were robust to changes in
renormalization interval and integration timestefome of the systems collapsed into a steady or
periodic state part way through the simulafioti the largest Lyapunov exponent for a gliding win-
dow of length 3000 time units fell below zero, all samples after the beginnitiyoivindow were
discarded. Figure 4.2 shows a typical convergence behavior of gubhga exponent; it happens
slowly. The convergence error was estimated as the maximffarelice between the final (finite

1Computation of Lyapunov exponents can be sensitive to integration timastisime between renormalization [16].
One representative system for each of the three models (Gray-SaotEi®virth, and Wacker-Sél) was run with an
integration timestep 5 times smaller and then with a renormalization interval 5simoeter. In all cases theftérence in
either Lyapunov dimension or sum of positive Lyapunov exponentsdssihe trial and the baseline cases was less than
1.8 times the estimated convergence error.

2Runs that survived for a time less tharx3.0°At were discarded under the assumption that not enough data would
be available to get a reliable value for the Lyapunov exponents. Additioealth system is run to time 1000before
perturbation vectors are followed to minimize the significance of the initidbgdrefore the chaotic saddle has been
reached, and the perturbation vector data gathered in the first 4500rtiteevas discarded in order to allow the vectors
to align in a natural way.
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time) Lyapunov exponent and any intermediate value from the secondftiaéf simulation.
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Figure 4.2. Convergence behavior of the largest (finite time) Lyapurperenti; for the Gray-
Scott system with simulation timte This convergence behavior is typical for Lyapunov exponents
in all three models. The error is estimated by computing the maximfiereince between the final
value and any value from the second half of the simulation.

Spatiotemporal chaos is said to be extensive if the spectrum of Lyapuwponents; con-
verges to a functiori (i/N) that is intensive. This implies that the attractor dimension increases in
proportion to the system si2¢and that a dimension density exists [12]. We will show that transient
spatiotemporal chaos also fulfills these criteria for all three models.

Figure 4.3 shows aingle Lyapunov exponent for each network siz&, with the indexi =
N/20vVD + 1 scaled in proportion to the network sie An/ovD)+1 CONVErges withN in good
approximation. This behavior is consistent with the spectrum of Lyapuxperents converging to
a function that is intensive, and with the existence of a Lyapunov speaamnsity. Qualitatively
similar convergence behavior was found for the Lyapunov spectruneiBah Eiswirth model and
in the Wacker-Sabll model.

The Lyapunov dimensioD ) is conjectured to be equal to the information dimension for
typical attractors [33]; it is defined as
A1+ ...+ 4

wherej is the largest integer for Whicﬁi"=l Ai > 0. For chaotic saddles the information dimension

Dy=j+ (4.21)

has a correction term proportional to the escape rate, which is negligiblarfer enough system
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sizes such as those considered in this paper [34].

Figure 4.4(a) shows that the Lyapunov dimendibpincreases linearly with the network size
N for all three reaction-diusion network models with varying system parameters. The deviation
of the D p-values from linearity was small for all systems studied; a representatarape for the
Gray-Scott system is given in fig. 4.4(b). These findings indicate Bhats an extensive quan-
tity during the transient phase of spatiotemporal chaos. Extensive tnaspiatiotemporal chaos
in these models was also found for various boundary conditions, inclymirigdic and no-flux
boundary conditions as well as periodic with the presence of shortcute imetivork. The results

are summarized in Table 4.1.
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AN 720V D)+ 1
R0l
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N

Figure 4.3. The scaled index Lyapunov eXPONgitovo)+1 VS- network sizeéN for the Gray-Scott
system. Lyapunov exponents are indexed starting fignand linear interpolation is used in cases
where the index = N/20VD + 1 is not an integer. The multiple data points for certain values of
N correspond to dierent initial conditions and are close together. All the other parametetkere
same as in Fig. 3.1(a). The dotted line is included as a visual aid.
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Figure 4.4. Various extensive quantities vs. network dizga) Lyapunov dimensiol , versus

network sizeN for five systems with periodic boundary conditionsarEEiswirth model witho =

0.84,8 = 0.07,¢ = 0.12,D = 16 (x), Gray-Scott model{ = 2.8, D = 16) withu = 335 (O),

u =337 (+), u = 339 (0), and Wacker-Satil model witha = 0.02,7 = 0.05, jo = 1.21,d = 8,

D = 0.25 (2). The Lyapunov dimension for thed-Eiswirth model x) and the Gray-Scott model

(u = 337, +) have very similar values, making them hard to distinguish in the graph, althoug

their Lyapunov spectra areftirent. The full lines correspond to a least square linear fit of the

corresponding data points. The error for each data point, not plottee ifigilre, was estimated

by computing the maximum fference between the final value Dfs and any intermediate value

from the second half of the simulation; errors were smaller tha%f the data point values and

typically less than 3% for Gray-Scott and &-Eiswirth systems. (b) Deviation &f ;-values from

the linear fit in (a) for the Gray-Scott system wijih= 33.7. For this systenD , was calculated for

different initial conditions for each network siketo estimate the convergence behavior. These data

points were plotted in both figures, (a) and (b), but they are too closedwstieguished in (a). The

horizontal line represents the y-intercept of the linear fit, which was ulgtracted when plotting

deviation from the linear trend. (c) Sum of positive Lyapunov exponEhtgersus network sizsl

for the same systems as in (a). The values for the WackeiSgstem have been multiplied by 20

to improve clarity.



Table 4.1. Summary of Lyapunov dimensi@) and sum of positive Lyapunov exponers for the Bar-Eiswirth (BE) model
(0 = 0.84,8 = 0.07,¢ = 0.12), the Gray-Scott (GS) modet € {33.5,337,33.9}, ® = 2.8), and the Wacker-S&éil (WS) model
(¢ = 0.02,7 = 0.05, jp = 1.21,d = 8) for different system parameters anéfetient boundary conditions. A least square linear fit
was made foD andX* versus network siz8l, and a least square linear fit was madegrand* versus 1 VD with coupling

parameteD. A least square constant fit was done fiyr andZ* for fixed efective system sizeN/ VD = constant.

System Fixed Boundary Linear fit for D, RMS error Linear fit for* RMS error
Parameter Condition of fit of fit
BE N=500 Periodic -1.499+1289/VD | 0.2421 -0.06705+ 3.818/ VD 0.007420
BE D=16 Periodic —-0.2175+ 0.0615IN 0.03850 —-0.02241+ 0.00180N 0.002020
BE \%zZSO Periodic 6215 0.7946 1.813 0.02769
WS D=0.25 No-flux 0.9767+ 0.0353N 0.3115 0.001189%+ 1.791x 10°N | 0.0003796
WS D=0.25 Periodic 0.2272+ 0.03606N 0.2304 0.0001183+ 1.890x 10°N | 0.0003587
WS %:2000 Periodic 36.99 0.6054 0.02022 0.001271
GS,u=33.5 | N=500 Periodic —0.05447+ 1305/ VD | 0.01766 -0.03049+ 2.872/ VD 0.004593
GS,u=33.5 | D=16 Periodic -0.1074+ 0.0654N 0.02012 —-0.01160+ 0.001393N 0.002511
GS,u=33.5 %:250 Periodic 65.05 0.2733 1.450 0.07389
GS,u=33.7 | N=500 Periodic -0.07992+ 1224/ D | 0.01723 -0.01816+ 2.281/ VD 0.001831
GS,u=33.7 | D=16 Periodic —0.1148+ 0.06125N 0.02296 —0.01462+ 0.001126N 0.003871
GS,u=33.7 %:250 Periodic 6111 0.03848 1138 0.04028
GS,u=33.7 | D=16 No-flux 0.3643+ 0.06126N 0.007197 0.01095+ 0.00112N 0.001092
GS,u=33.7 | D=16 Shortcut, -1528+ 0.0612IN 0.02385 —-0.03057+ 0.00111N 0.001562
k =50
GS,u=33.7 | D=16 Shortcut, -1.233+ 0.06124N 0.02963 —0.04299+ 0.001118N 0.004419
k=N/2

GS,p=33.9 | N=500 Periodic —0.08079+ 1033/ VD | 0.03807 -0.01055+ 1.203/ VD 0.002227
GS,u=33.9 | D=16 Periodic -0.1022+ 0.0517N 0.01903 —0.009298+ 0.000602N 0.001796
GS,u=33.9 %:250 Periodic 5163 0.07226 0.5970 0.01081

0¢
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The sum of positive Lyapunov expone(lfs") represents an upper bound for the Kolmogorov-
Sinai entropy [33]. For chaotic saddles this upper bound can be ddiysubtracting the escape
rate [35]. Figure 4.4(c) and Table 4.1 show tRit is an extensive quantity for all three models
with varying system parameters and boundary conditions.

The Gray-Scott system was simulated for foufetient boundary conditions: periodic, no-flux,
periodic with an added shortcut in the network of lenggtlh: 50 (k << N), and with an added
shortcut of lengthk = N/2. Table 4.1 shows that the rate at which the Lyapunov dimerBipn
(and alsoy.*) increases with the network siieis rather independent of these boundary conditions,
but theirY-intercepts are significantly fierent for diferent boundary conditions. This is consistent
with the finding in Sect. Il for the rate at which the average transient lifetiffi¢sncrease with
N. For a fixed network size, Fig. 3.2 and Table 4.1 reveal {fat D, and},* are largest for
no-flux boundary conditions, second largest for periodic boundanglitions, and third largest for
the presence of a shortcut in the network. There are, howevkaratices in the rankings fdr ),
D, and}* for the two diferent types of shortcut length.

In the following we present a qualitative argument for why the linear fityafdunov dimension
D, vs. network sizeN has nearly zero Y-intercept for all systems with periodic boundaryieond
tions, as seen from Fig. 4.4(a) and Table 4.1. If we assume that subsyisteeaction-dtusion
networks do not interact across large distances, the Lyapunov dimesigiold not be fiected by
transformations that alter the global topology but conserve the local nestroicture and the total
number of nodes. Figure 4.5 shows such a transformation that turns tworke of N nodes into
one network of & nodes. Since the Lyapunov dimension is additive among non-connectedtsy
we expect thaD £(2N) = 2D ~(N). Together with the linear ansat®,, = aN + b, it follows that
b = 0. This indicates that the Lyapunov dimension for very large system sizkloag simulation
times follow a linear law with zero intercept. For systems with no-flux boundamditions this line
of reasoning is not valid since two such systems cannot be combined intwithioeit changing the
local structure (i.e. two of the no-flux boundaries would have to be red)ove

For a ring network we also vary the coupling paramé@awhile keeping the network sizd
fixed. We find that the Lyapunov dimensi@); as well as the sum of positive Lyapunov expo-
nentsy* increase linearly with AVD for all three reaction-diusion networks and various system
parameters (Table 4.1).

The general characteristics of the reactiofiediion networks in Eq. (2.1) is conservediifand
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D vary such thaN/ VD is fixed (Sect.ll). Table 4.1 shows that in this c&seas well asy. " are con-
stant for a wide range dfl- andD-values. Figure 4.6 also confirms for thaBEiswirth model that
the Lyapunov dimension is constant over a range of coupling paranizteveenN/ VD is fixed.
Significant deviations from a constant Lyapunov dimension exist for srahles ofD, where the
network model deviates significantly from the continuum modkt. was about 58 percent higher
whenD = 0.3136 compared to the regime of constant dimension [Fig. (4.6)]. Two simuatiih
different initial conditions were made for each of the coupling parameiers, 4 andD = 16,
and the results are close enough that thifetence between the two simulations iffidult to see
on the graph in Fig. (4.6). For the Gray-Scott systems (with thri@erdnt system parameters, Ta-
ble 4.1) the Lyapunov dimension was constant (with#®4) for coupling parameteid even down
to D = 1, which is close to the point where the system can no longer suppoit (Dao0.7). The
Wacker-Schbll system had a variation iB ; of about 4% and a variation " of about 19% over
the range of coupling parameters)@< D < 0.25, that are close to the value for which the system
can no longer support chaos. The qualitative behavia@rafas similar to that oD ,, but in general
had larger relative variations.

The qualitative argument for why the range®for which D and).,* are constant is bounded
from below for all three reaction-flusion networks follows from the excitability property. Dfis
low enough, the coupling term in Eq. (2.1) can no longer provide sugsitbid perturbations to
perturb the system away from the stable rest state and sustain spatioterhposa

Figure 4.5. A transformation from two ring networks fnodes into one network off\2 nodes,
without changing the local network structure or the total number of nodes.
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Figure 4.6. Lyapunov dimensiob vs. coupling constanD for the Bar-Eiswirth ring network

(@ = 0.84,8 = 0.07, ande = 0.12). The é&ective system size was held constant by varying the
number of noded\! according toN/ VD = 250. This system had particularly large deviations from
constanD , for small D. The dotted line is included as a visual aid.
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Chapter 5
Combining lifetime and Lyapunov quantities
5.1 Chaotic saddle as quasi-attractor
Hunt, Ott, and Yorke have conjectured a formula for computing the dimensgitrecstable and
unstable manifoldsOs, D) of a chaotic saddle based upon the Lyapunov spectrum and escape

rate [34]. In the case of very low escape rate their formula reduces}o [1

Ds = 2N- =< and (5.1)
A1
K
Dy = Dp- |
! 7 Al

where N is the dimension of the phase spage= (T) ! is the escape ratel; is the largest
Lyapunov exponenD is the Lyapunov dimension, arjds the largest integer for Whicﬁi":1 Ai >
0.

When the lifetime is long enough that computation of the Lyapunov spectrunasibfe, the
stable manifold has dimension nearly equal to that of the entire phase sphtteeainstable mani-
fold has dimension nearly equal to the Lyapunov dimension of the saddiéngtance in the case
of the Wacker-Scbll ring network ¢ = 0.02,7 = 0.05, jo = 1.21,d = 8, D = 0.25) withN = 600
nodes(T) = 4.19x 10°, A; = 0.00276,j = 22, and withl,3 = —0.00321, the stable and unstable
manifold of the chaotic saddle have dimensions

Ds = 2N - 0.000865
Dy = Dy — 0.000744 with D, = 2202+ 0.14.

The uncertainty due to convergenceldf is approximately A4, which is more than two orders of
magnitude larger than the corrections. Ms- co we havex — 0 and sdDs — 2N andDy — Dy.
For the Bar-Eiswirth ring network¢ = 0.84,8 = 0.07,¢ = 0.12,D = 16) with N = 400 nodes
(T) = 7.01x 10°, 11 = 0.131, j = 24, and with1,5 = —0.129, the dimension of the stable and

unstable manifold are

Ds = 2N — 0.0000109
D, = D, — 0.0000111 with D = 24.386+ 0.053

For the Gray-Scott ring networl (= 33.7,® = 2.8, D = 16) withN = 200 nodes(T) = 1.64x10P,
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A1 =0.0792,j = 12, and with113 = —0.107, the dimension of the stable and unstable manifold are

Ds = 2N - 0.00000770
Dy = D, — 0.00000568 with D, = 12124+ 0.012

Following the argumentation by Tel and Lai [18], the chaotic saddle behike a quasi-
attractor for all three models, since the unstable manifold of the chaotic daaklleearly the same
dimension as the saddl®({ ~ D), and since the stable manifold is nearly space-filling, i.e. the
stable manifold nearly forms a basin of attraction for the quasi-attractordditien, the dimen-
sion of the chaotic saddle is very close to the dimension of an attractor with rtine [sgapunov
spectrum [18].

5.2 Intensive quantities
Densities can be defined from the extensive quantidiesand loT). The(Lyapunov) dimension
density(6p) is given by

op = lim NID,, (5.2)

which describes the number of active degrees of freedom per unihedJi4]. Likewise the log-
lifetime densityt is defined as
o1 = lim N~1In(T). (5.3)

From Sect. V it follows that thdimension density of the stable manifold of the chaotic sgdd@lg

6s = Dg/N, is aboutd = 2 for all our model systems, sind2s ~ 2N in Eq. (5.1) with 2\l the
dimension of the phase space and witlk= 2 the dimension of the uncoupled dynamical system
in Eq. (2.1). Thedimension density of the unstable manifold of the chaotic sadgle D,/N, is
abouts, = 6p sinceDy ~ D, for all our model systems. Due to these similarities we focus on the
dimension of the chaotic saddiéy() in the following.

Table 5.1 shows that the dimension densities are rather small for the chalutie seall model
systems, reflecting a low degree of freedom per network node. Thisi@stent with an earlier
study by Strain and Greenside [3] for thamBEiswirth model in two spatial dimensions. Table 5.1
also reveals that the dimension dengitydoes not depend on the boundary condition. The log-
lifetime densityor is also rather low for all model systems with a dependence on boundadiy con
tions that appears to decreasd\as> .
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Table 5.1. Log-lifetime densityr and Lyapunov dimension densidy for the Bar-Eiswirth (BE)
model @ = 0.84,8 = 0.07,¢ = 0.12, D = 16), the Gray-Scott (GS) modet & 337, ® = 2.8,
D = 16), and the Wacker-Soéh (WS) model ¢ = 0.02,7 = 0.05, jo = 1.21,d = 8, D = 0.25) for
different boundary conditions. Points were only considered for the lingatHay were within the
range ofN for which (T) was consistently larger than the cfitealue.

System| Cutoff | Boundary Condition| ép oT o =61/0p
BE 10° Periodic 0.0615| 0.0309 | 0.502
GS 10¢ No-flux 0.0613| 0.0685 | 1.12
GS 10¢ Periodic 0.0613| 0.0831 | 1.36

GS 10* Shortcut,L = 50 0.0612| 0.0818 | 1.34
GS 10* Shortcut,L = N/2 0.0612| 0.0820 | 1.34

WS 10 No-flux 0.0354| 0.00632| 0.179
WS 10t Periodic 0.0361| 0.00689| 0.191
BE 10° Periodic 0.0615| 0.0292 | 0.474
GS 10° No-flux 0.0613| 0.0718 | 1.17
GS 10° Periodic 0.0613| 0.0788 | 1.29

GS 10° Shortcut,L = 50 0.0612| 0.0839 | 1.37
GS 10° ShortcutL = N/2 | 0.0612| 0.0757 | 1.24
WS 10° No-flux 0.0354| 0.00613| 0.173
WS 10° Periodic 0.0361| 0.00576| 0.160
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We qualitatively relate the densities to properties of the weakly coupled siginsy in extensive
transient spatiotemporal chaos. The exponential scaling of the avidedgee with the network
size (Type-Il supertransients, [18]) can be qualitatively explaineddsyiming weakly interacting
correlated units of lengtl, with £ approximately equal to the correlation length of the system.
At any moment of time each of these units is conducive to loss of chaos witialpiity P. Spa-
tiotemporal chaos collapses when all units are in such a conducive sgtevflich happens with
probability PN/¢. The lifetime takes the form

(Ty ~ pNIE = g (NPE, (5.4)

With Eq. (5.3) follows
-InP

3

for finite N. 6t can now be interpreted as having units of number of coin tosses per ugtih k2n

61 = (5.5)

ot has the advantage of being a single computable quantity [from Eq. (5133}eas the intuitive
argument uses two quantitiesand P, both of which are open to interpretation. The rati9 6f
these densities

o = 61/6p (5.6)

defines an intensive quantity that depends neither on the networM siaeon the coupling constant
D, since(T) as well asD is proportional toN/ VD from Sect. IV. If 7 is interpreted as having
units of number of coin tosses per unit length @pds interpreted as being the number of active
degrees of freedom per unit length, therhas units of number of coin tosses per active degree
of freedom. This quantity is significant because it is intensive and indkgmerof the coupling
strength, and thus suggests that transient spatiotemporal chaos inrrahitision networks with
homogeneous network structure can be understood from its local dysmamic

Combining Egs. (5.3) and (5.6) to

Tyt =ePr = (e)Px (5.7)

leads to an intuitive argument for the escape rate from the chaotic saddle imihN — oo,
if we assume that- is given. Equation (5.7) can be interpreted as the volume of a hyperdube o
width e 7, if we ignore that the dimension of the chaotic saddle is fractal, and if we égtinat

D is only approximately the fractal dimension. This hypercube can be coadids a hole in the
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chaotic saddle through which a trajectory can escape into a honchaoticlsteger systems have
an attractor which resembles a set product of smaller systems, and the eéstaresembles a set
product of identical low dimensional boxes with edges that have a geometdan ofe .
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Chapter 6
Conclusions

A systematic study reveals that transient spatiotemporal chaos is extertbirae reaction-diusion
networks with various boundary conditions. The Lyapunov dimensionsuine of positive Lya-
punov exponents, and the logarithm of the transient lifetime grow linearly witesysize. This
indicates that even in the case of transient dynamics the larger systensifittey were com-
prised of weakly interacting and statistically similar subsystems, with no new teflgghenomena
arising when such subsystems connect together. This might open upgsibility for modeling
transient spatiotemporal chaos with statistical mechanics [17].

The dfective system size for a network withnodes and coupling paramet2is determined by
N/ VD. For a wide variety of coupling parameters and network sizes the numhaetivoé degrees of
freedom (expressed in the Lyapunov dimension) stays constant aaddhg €ective system size
is fixed. An upper bound for the entropy (expressed by the sum dfymkyapunov exponents) is
also constant for fixedffective system size. Unless the coupling parambter suficiently small,
the network model approaches the continuum model.

The spontaneous collapse of spatiotemporal chaos points to the coexisfenchaotic saddle
with the regular attractor(s). Applying the dimension formulas of Hunt, Ott¥amke [34], we find
for all three models that the dimension of the unstable manifold of the chaotitesiachearly the
dimension of the chaotic saddle, and the stable manifold of the chaotic saddéligspace-filling.
Thus the chaotic saddle behaves like a quasi-attractor accordired &md Lai [18].

For extensive transient spatiotemporal chaos a dimension density andifatioge density can
be defined. A qualitative argument relates the escape rate from the chedddie to a hole through
which a trajectory can escape into a non-chaotic state. This hole has theffarhyperrectangle;
its dimension is the Lyapunov dimension, and its width is determined by the ratio -tifétghe
density and dimension density.

The boundary conditions seemingly do ndieat the dimension density and the log-lifetime
density, but do fiect the x-intercept of the graphs of Lyapunov dimension versus netsizeland
log-lifetime versus network size. It would be interesting to study whetherhb&e of boundary
conditions shifts both the Lyapunov dimension and the log-lifetime graphs tsatine number of
nodes. In this case boundary conditions would change flieet&e network size. Unfortunately,
since the computation time required to compute average lifetime grows exponentthlije net-
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work size, the range of network sizes that are currently computationaiBsaible by supercom-
puters is not sfiicient to determine theftset for diterent boundary conditions accurately enough

because the slopes converge slowly.
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Chapter 7

Outview
In the course of my research | have identified many potential directionsteatorthy of further
study. As far as | know these are all open problems, although | havdomat an extensive search
of the literature for any of them. These areas can for the most part lnkediinto the categories of
phenomena relating to large networks and those relating to small networks.

Large networksThe evidence provided in this paper, as well as that provided by nusmetoer
researchers certainly supports the conclusion that reactitusitin networks (in either one or two
dimensional configurations) are extensive. It is apparent that tHaative dynamics of any local
area are notféected in any observable way by distant parts of the network. It is theredasonable
to hope that certain quantities, such as Lyapunov dimension density orétigakif density, should
be computable through observation of only a small part of a network. Siet techniques have
not been developed is however probably not due to a lack of tryinggdesi that a possible first
step forward would be to seek out an understanding of the shape @&ddiclattractor in terms
of local regions of a network. Disjoint networks will collectively have ammactor which is just a
Cartesian product of the attractors of the individual sub-networkege aetworks, in many ways
qualitatively resembling collections of smaller networks (as described in thesdion surrounding
Fig. 4.5), should have an attractor that'@most a Cartesian productof attractors for smaller
systems. It is not clear to me what exactly “almost a Cartesian product” {sosad to mean.
The diference between the two systems in Fig. 4.5 is in the overall topology of the nikednwd
this is what defines the filerence between a Cartesian product and an “almost Cartesian product.
Once this diference is understood it may be possible to find a natural way of confieitigrpation
vectors to a localized region of a network in order to compute localized In@pexponents. The
first Lyapunov vector tends to be confined into a localized packet anf@@, although the packet
does drift around.

It seems clear to me, although | haven't verified it, that the concept ohgixity can be ex-
tended to account for boundary conditions and other exotic topologidbisl paper it was shown
that the graph of Lyapunov dimension vs. number of nodes has a yeptdhat depends on bound-
ary conditions and a slope that does not depend on boundary condifisisscan be interpreted to
mean that ordinary parts of the network (i.e. parts that are just a simple linaisraf nodes) have

a certain Lyapunov dimension density and that the exceptional parts oétivenk (i.e. the bound-



32

ary nodes) alter the Lyapunov dimension by a certain constant value siitngd be true of more
exotic topologies as well: nodes connecting three or four linear chainthergghould also have a
constant impact on Lyapunov dimension. It would therefore be possibléltbabsort of dictionary

of network connections giving the Lyapunov dimension associated with led@ge. As long as
each of these connections are far enough apart from each otheraperiov dimension should just

be dp times the number of nodes plus the values from the dictionary. Networkswimnereaction
parameters (egp andu in the case of the Gray-Scott model) are not constant can be treated in the
same way. In this cas® becomes a function of the reaction parameters. If the parameters change
gradually, then this is all that is needed. If there is a sharp change impegafrom one node to the
next, then that is just another thing that is to be added to the dictionary. Singilanants apply for
log(T).

Small networksAlthough reaction-dtusion networks are expected to show extensive behavior
in the limit N — oo, the same cannot be said for very small networks. In the extreme clke df
chaos is not even possible in a continuous-time two variable system. So lootvradiworks that
are large enough to display chaos, but are still relatively small? Fishmakgoitidemonstrated
that the complex Ginzburg-Landau system in fact shows significantti@sarom extensivity for
small networks [17]. The deviations take an exponentially decaying sohaldorm. The authors
conjecture that this is due to the chaos being made of an integer numberilairiplocks.” It
would be interesting to see whether the three systems in the present papahstsame behavior
for small network sizes. Computation of Lyapunov exponents in this regimadeited by the fact
that the lifetime of the transient chaotic interval is rather short. It is posstever to modify the
Lyapunov exponent computation algorithm to avoid this problem. As the simulatioging run,

a look-ahead is done. Whenever the look-ahead determines that clusstined to end within a
certain time, atiny random perturbation is added to the systefferBit perturbations are tried until
one is found that prevents the loss of chaos. Looking further into thesfatlows usage of a smaller
perturbation. If the perturbations are done in the subspace of Lyapugwnbors corresponding to
positive Lyapunov exponents, a claim can be made that there was an ioitidition that would
have led to the perturbed state. Basically, the trajectory that ends up béowged is very close to
what would be seen if the initial condition was exactly on the chaotic saddléf @ ¢rajectory had

been chosen that stays on the chaotic saddle for an infinite amount of time).
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The complex Ginzburg-Landau system used by Fishman and Egolf is loyvir7]
dacas 1+ icl)d—ZA— (1 - ic3)|APA, (7.1)
dt dx?

whereA is a complex number. This system is unigue in that the dynamical equations g
gauge invariance, which is to say that there is symmetry under multiplication cayplex number
of unit magnitude. The significance of this is that there is an opportunity to inteod rather exotic
boundary condition. With periodic boundary conditions, a non-local ttwéan be introduced
into the system so that it resembles a sort dfdilis strip. This is accomplished by introducing
a multiplication by a complex number of unit magnitude when @)@eoperator crosses a certain
boundary. If the network is thought of as a torus, with the large circuanfar corresponding to
the x variable and the small circumference corresponding to the phase éf\ihgable, then this
is equivalent to breaking the torus, introducing a twist, and then rectinget The twist is not
visible on a local scale, only on a global scale. By the logic surroundinditfoeission of Fig. 4.5,
this should not make a qualitativefidirence for very large networks. For small networks on the
other hand it does make afidirence. | had conjectured that Fishman'’s building blocks should need
to attach to each other in some way, and introducing this twist would make thefit tugether
in the same way, possibly altering the phase of their deviations from extgndifhe result | had
found was that the deviations did not alter in phase, but rather altered initondg The complex
Ginzburg-Landau system can be extended by using quaternions in$tEadplex numbers. In this
case there is & U(2) gauge invariance (i.e. symmetry under multiplication by a unit quaternion)
and therefore a much richer set of non-local “twists” that can be Usgaeliminary low-accuracy
computation seemed to show that the quaternion Ginzburg-Landau systesougaltfjualitatively
similar to the complex Ginzburg-Landau, in fact had no deviations from sixtign

A line of research that | am currently pursuing involves the scrambling fofrimation as it
travels through a reactionftlision network. It is clear that distant areas of a network do fieta
each other in a qualitatively observable way, but | am not aware of gagnpt to quantify the
length scales involved in this decoupling. My main line of attack involves statisitzsérvations
of nodes at varying distances from network boundaries, specificaiages over time of various
parameters. My experiments have yielded deviations of the time averagasonfs/parameters near
boundaries as compared to corresponding averages far away feobotimdaries. Some of these
deviations showed a clear exponential decay as a function of distasroeretwork boundaries.
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The codficient of this exponential decay defines a novel length scale which detshia distance

over which parts of the network are decoupled from one another.
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