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Abstract

Extensive (asymptotic) spatiotemporal chaos is comprised of statistically similar subsystems that

interact only weakly. A systematic study of transient spatiotemporal chaos reveals extensive system

behavior in all three reaction-diffusion networks for various boundary conditions. The Lyapunov

dimension, the sum of positive Lyapunov exponents, and the logarithm of the transient lifetime

grow linearly with system size. The unstable manifold of the chaotic saddle hasnearly the same

dimension as the saddle itself, and the stable manifold is nearly space filling. Themajority of this

work is published in D. Stahlke and R. Wackerbauer.Phys. Rev. E, 80(5):056211, 2009.[1].
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Chapter 1

Introduction

Transient spatiotemporal chaos is a generic pattern in extended non-equilibrium systems in which

spatiotemporal dynamics spontaneously changes from chaotic to regular (steady state or periodic)

behavior. Transient spatiotemporal chaos was found in models for semi-conductor charge trans-

port [2], for the CO oxidation on single-crystal Pt surfaces [3], fora cubic autocatalytic reaction [4],

in models of turbulent dynamics [5, 6], and in systems of coupled logistic maps [7, 8]. Experimental

studies show that turbulence in shear flow is transient [9]. “Stable chaos” (with a negative Lyapunov

exponent) is transient in systems of coupled one-dimensional maps [10].

Extended chaotic systems that have no long-range interactions are expected to be uncorrelated

at large length scales and therefore should behave as a sum of their parts [11]. Then spatiotemporal

chaos is extensive, and the spectrum of Lyapunov exponents converges to a function that is intensive.

This implies that the attractor dimension (Lyapunov dimension) grows in direct proportion to the

volume of the system [12, 13]. While extensivity in (asymptotic) spatiotemporalchaos has been

studied for a while [12, 13, 14, 15, 16, 17], extensivity in transient spatiotemporal chaos is rather

unexplored [3, 18].

The average lifetime of transient spatiotemporal chaos typically grows exponentially with the

volume of the system [4, 19, 20]. The origin of this exponential scaling is most likely due to the

probability for randomly uncorrelated regions generating a global patternthat initiates the collapse

of spatiotemporal chaos [21, 2, 18]. This feature of transient spatiotemporal chaos particularly

motivates more detailed studies on extensive properties in transient dynamics.

This paper systematically explores and verifies extensivity of transient spatiotemporal chaos

in three reaction-diffusion networks and a variety of boundary conditions. Section II introduces

the three excitable reaction-diffusion networks with Gray-Scott reaction dynamics [22], with Bär-

Eiswirth reaction dynamics [23], and with Wacker-Schöll reaction dynamics [2]. The lifetime of

transient spatiotemporal chaos is discussed in Sect III, and the Lyapunov spectra and dimensions

are investigated in Sect. IV. Section V describes dimensional properties ofthe chaotic saddle, and

Sect. VI focuses on various densities and their qualitative statistical interpretations.
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Chapter 2

Reaction-diffusion networks

The networks consist ofN diffusively coupled, identical, continuous-time dynamical elements. At

each network noden (n = 1,2, . . .N) the uncoupled dynamics is given bydxn
dt = F(xn) with xn a

d-dimensional state vector. The reaction-diffusion network is given by

dxn

dt
= F(xn) + D

N
∑

j=1

Gn jHx j . (2.1)

D is a global coupling parameter.H is ad× d diagonal matrix representing the relative diffusion of

each species.G is anN×N symmetric Laplacian matrix required to meet the condition
∑N

j=1 Gi j = 0.

For a regular network in one dimension the coupling matrixG is

Gi j = ∇2
i j = δi, j−1 − 2δi j + δi, j+1, (2.2)

with i, j = 1,2, . . .N. The indices are equivalent modulo N for periodic boundary conditions and

Gi1 = δi2 − δi1 andGiN = δi,N−1 − δiN for no-flux boundary conditions. In the presence of a single

shortcut of lengthk between node 1 andk+ 1 the coupling matrix becomes

Gi j = ∇2
i j + δi1(δ j,k+1 − δi j ) + δi,k+1(δ j1 − δi j ). (2.3)

The coupling strength parameterD controls the characteristic length scale. From the rescaling of

Eq. (2.1) it follows that the general characteristics of the system remain thesame ifN andD are

both increased while holdingN/
√

D constant. IfN goes to infinity withN/
√

D held constant the

system approaches a continuous form. On the other hand ifN (and henceD) is made too small

discretization effects will start to become significant and eventually the system will no longer be

able to support chaos. In this paperD is large enough for the networks to be good approximations

for the continuum system, except where noted otherwise.

We consider three excitable dynamical systemsF: the Gray-Scott (GS) system [22], the Bär-

Eiswirth (BE) system [23], and the Wacker-Schöll (WS) system [2]. Each of the systems consist

of two species (d = 2), so eachxn is a two-dimensional vector. Thus the uncoupled system does

not exhibit chaos, and spatiotemporal chaos is induced by the diffusive coupling of the excitable

dynamical elements in Eq. (2.1).
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TheGray-Scott system[22] represents an open autocatalytic reactionA+2B→ 3B andB→ C.

The equations are

F
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wherea andb are dimensionless species concentrations, andφ andµ are bifurcation parameters.

In the parameter regime of coupling-induced spatiotemporal chaos the function F has three fixed

points: Sn
= (1,0) is a stable node that exists for all values ofφ andµ, and the additional fixed

points S f
=

(

1−
√

1−4φ2/µ

2 ,
1+
√

1−4φ2/µ

2φ

)

and Ss
=

(

1+
√

1−4φ2/µ

2 ,
1−
√

1−4φ2/µ

2φ

)

exist for values ofµ

above the saddle node bifurcation pointµsn = 4φ2. Whenµ > µsn, Ss is a saddle point and within

the range 2< φ < 4, S f is an unstable focus for values ofµ below the subcritical Hopf bifurcation

point µH = φ
4/(φ − 1). The parameter range [µc, µH] yields wave induced spatiotemporal chaos,

with µc being the critical threshold for traveling wave solutions [4]. Forφ = 2.8, µc ≈ 33 and

µH ≈ 34.1. In the Gray-Scott network [Eqs. (2.1, 2.4)] the spatiotemporal chaosis Šilnikov-like; a

typical trajectory at a network node spirals away from the unstable focustoward the stable node, and

then is reinjected into the neighborhood of the unstable focus by the propagating reaction-diffusion

front [24]. For the calculations in this paper we have used the parametersµ ∈ {33.5,33.7,33.9} and

Φ = 2.8.

TheBär-Eiswirth system[23] describes a surface reaction model for the oxidation of CO on Pt

and is given by

F





































a

b





































=



















a
ǫ
(1− a)(a− b+β

α
)

f (a) − b



















,H =



















1 0

0 0



















, (2.5)

and

f (a) =































0 if a < 1/3

1− 6.75a(a− 1)2 if 1/3 ≤ a ≤ 1

1 if a > 1

.

a represents the activator concentration andb represents the inhibitor concentration.α, β, andǫ are

bifurcation parameters, withǫ determining the difference in time scale between the slow variable

b and the fast variablea. In the parameter regime of coupling-induced spatiotemporal chaos the

function F has three relevant fixed points, a stable nodeSn
= (0,0), a saddle pointSs

= ( β
α
,0),

and an unstable focus which must be computed numerically. Additional fixed points at (1,1) and

(1+β
α
,1) are not relevant to the region of phase space in which chaos exists [19]. In the B̈ar-Eiswirth
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network [Eqs. (2.1, 2.5)] a backfiring instability is reported to be the origin of spatiotemporal chaos;

the traveling pulses become unstable to allow reexcitation behind the pulse to create new pulses

[23, 25, 26]. In this paper we use the parametersα = 0.84,β = 0.07, andǫ = 0.12.

TheWacker-Schöll system[2] describes charge transport in a simplified model of layered semi-

conductors and is given by

F
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wherea represents the interface charge density, andb represents the dimensionless voltage [2].

The bifurcation parameterj0 represents normalized external current,α determines the time scale of

the system,d is an effective diffusion constant, andτ is an internal system parameter [27]. In the

parameter regime of coupling-induced spatiotemporal chaos the functionF has an unstable focus

at ( j0
( j20+1)τ

, j0 +
j0

( j20+1)τ
) and a stable limit cycle. In the Wacker-Schöll network [Eqs. (2.1, 2.6)]

a Hopf bifurcation as temporal instability and a Turing bifurcation as diffusive instability cause

the irregular spatiotemporal spiking pattern in spatiotemporal chaos [27]. We use the parameters

α = 0.02, τ = 0.05, j0 = 1.21, andd = 8, for which the system is near a codimension-2 Turing-

Hopf bifurcation point.

All of these three dynamical systems have an excitable attractor (either nodeor limit cycle) such

that strong enough stimuli can cause large excursions from the attractor.In the BE system and GS

system the stable manifold of the saddle acts like a separatrix between excited states and states of

immediate return to the attractor. In the WS-system the limit cycle is attracting but notLyapunov

stable. Its excitation cycles grow continuously with increasing perturbation from the limit cycle,

and their size is large in comparison to the limit cycle already for small perturbations from the limit

cycle. In all three systems, spatiotemporal chaos is introduced by diffusive coupling, and regular

attractors are accessible in the case of the spatially homogeneous system. These systems differ in

their coupling as the GS system has equal diffusivities, the BE system has zero diffusivity for one

species, and the WS system has a diffusion-driven Turing instability. The bifurcation scenario for

the uncoupled systems is also different: the GS system, Eq. (2.4), reaches the parameter regime of

spatiotemporal chaos, in which there is no limit cycle present, via a subcriticalHopf bifurcation;

the BE system, Eq. (2.5), reaches the parameter regime of spatiotemporal chaos, in which there

is no limit cycle present, via a supercritical Hopf bifurcation that generatesan unstable focus and

a stable limit cycle, which disappears via a saddle loop bifurcation; in the parameter regime of
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spatiotemporal chaos the WS system has a stable limit cycle that is generated viaa supercritical

Hopf bifurcation.
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Chapter 3

Lifetime of transient spatiotemporal chaos

Earlier studies have reported that spatiotemporal chaos is transient in the two-dimensional WS

model [2], the two-dimensional BE model [3], and the one- and two-dimensional GS model [4].

After a regime of sustained spatiotemporal chaos with a rapid decay of spatial correlations and a

positive largest Lyapunov exponent, the systems exhibit a spontaneous, system intrinsic collapse to

a regular state (Figs. 3.1a-e). Such a sudden collapse points to the coexistence of a chaotic saddle

with the regular attractor(s) [18].

Space

T
im

e

(a) (b) (c) (d) (e)

Figure 3.1. Spatiotemporal pattern of the variablea during the collapse of spatiotemporal chaos for
(a) the Gray-Scott (GS) system (µ = 33.7,Φ = 2.8, D = 16, N = 210, and 240 time units shown),
(b) the B̈ar-Eiswirth (BE) system (α = 0.84, β = 0.07, ǫ = 0.12, D = 16, N = 200, and 240 time
units shown), and (c-e) the Wacker-Schöll (WS) system (α = 0.02, τ = 0.05, j0 = 1.21, d = 8,
D = 0.25, and 24000 time units shown) with different network sizes [N = 500 in (c),N = 460 in
(d), N = 420 in (e)]. The dotted line represents the time of collapse as determined by our algorithm,
with the transient lifetimesT = 4574539 (a),T = 3600582 (b),T = 24794 (c),T = 491481 (d),
andT = 32531 (e). The pattern in (c) was observed often, with the initial wavy distortions from
periodicity disappearing for large simulation times. The patterns in (d) and (e)were less common.
In (d) the asymptotic state is rotated in space and time, which allows a spatial period that is a half-
integer fraction of the system size. The numerical integration used periodicboundary conditions
and a 4th order Runge-Kutta integration method with a numerical integration timestep of∆t = 0.003
for the GS and BE systems and∆t = 0.03 for the WS system.

For the GS system and the BE system spatiotemporal chaos collapses to a spatially homoge-

neous stable steady state, in which the dynamics at each network node reaches the asymptotic stable
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steady stateSn of the uncoupled system. This spatially homogeneous state represents the attractor

on the synchronization manifold [19] in Eq. (2.1). For both systems the transient spatiotemporal

chaotic pattern is characterized by an irregular distribution of black patches, in which trajecto-

ries of neighboring network nodes approach the stable steady stateSn of the homogeneous system

(Fig. 3.1a and b) together. In the WS system the transient pattern is characterized by an irregular

spiking (Figs. 3.1c-e). The lighter color corresponds to trajectories of neighboring network nodes

being closer to the stable limit cycle of the homogeneous system, whereas the dark spots corre-

spond to neighboring trajectories away from the stable limit cycle. Our simulations showed that the

asymptotic regular state was periodic in time with various spatial shifts1.

Transient spatiotemporal chaos is often characterized by the rate at which an ensemble of sys-

tems with different initial conditions collapses [2, 3, 18], since the transient dynamics can be very

long-lived. We calculate the average lifetime〈T〉 for transient spatiotemporal chaos explicitly for

all three systems. For the Gray-Scott and the Bär-Eiswirth systems, spatiotemporal chaos only

collapsed to the stable node on the synchronization manifold, and the lifetimeT of transient spa-

tiotemporal chaos is determined from

T = inf
t


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
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∥

∥

∥∞
< 10−6
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(3.1)

where‖·‖∞ denotes the maximum norm over the components ofx. Transient spatiotemporal chaos

in the Wacker-Scḧoll system always collapsed into a periodic asymptotic state, and the lifetimeT

is determined by tracking a (finite time) maximum Lyapunov exponent [28]. When the maximum

Lyapunov exponent, averaged over a gliding window of 150000 time units,drops below zero, the

system is deemed to have reached a non-chaotic state starting at the beginning of the window2.

Figures 3.2 (a)-(c) show that the average transient lifetime〈T〉 of spatiotemporal chaos increases

exponentially with the network sizeN for all three systems. Hence log〈T〉 is an extensive quan-

tity. The rate at which log〈T〉 increases withN (slope of the linear fit in Fig. 3.2) depends on the

boundary conditions, which is consistent with earlier studies on the Gray-Scott system [4, 29, 19]

1The temporal perioddt and the spatial perioddi were defined asx(i + di , t + dt) = x(i, t). A 2-dimensional autocorre-
lation analysis for the patterns in Fig. 3.1c - e) yields a temporal period ofdt = 712.0 anddi = 0.0 for (c),dt = 702.2 and
di = −7.4 for (d), anddt = 969.8 anddi = −24.5 for (e). In comparison the period of the limit cycle for the uncoupled
WS system isdt = 257.6.

2This method determines the lifetime with sufficient accuracy, assuming that the maximum Lyapunov exponent is
positive on average during the chaotic transient dynamics and zero on average during the non-chaotic dynamics, which is
the case when the attractor is not a fixed point. All simulations for the Wacker-Scḧoll system fulfilled this criterion.
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and similar to results for the two-dimensional Bär-Eiswirth system [3]. If only the larger values of

N are considered the slopes are quite similar to each other and it is possible thatthey converge as

N→ ∞. For example, if only data points for〈T〉 > 105 are fitted the slopes for periodic and no-flux

boundary conditions agree to within 10% for the Gray-Scott model, which is similar to how much

the slopes change when shifting the cutoff from 〈T〉 > 104 to 〈T〉 > 105.

This independence of the slopes from boundary conditions is supportedfrom a qualitative ar-

gument. Exponential scaling of the average lifetime with the network sizeN arises if a system is

comprised of weakly interacting and statistically uncorrelated units of lengthξ. If P is the probabil-

ity for a unit ξ to be conducive to loss of chaos at any moment of time, then spatiotemporal chaos

collapses with the probabilityPN/ξ, when all units are in a state conducive to collapse [18, 21]. The

logarithm of the average lifetime is then log〈T〉 ∼ (−N/ξ) logP. If a boundary condition changes

the probability for collapse in one of the units toQ3, then the logarithm of the average lifetime

would be log〈T〉 ∼ − log[Q∗P(N/ξ−1)] = (−N/ξ) logP− log(Q/P), which does not affect the slope.

This line of reasoning is of course valid only ifQ , 04.

Fig. 3.2 (b) also reveals that log〈T〉 shows significant deviation from extensivity in the Wacker-

Scḧoll system, especially for smaller network sizesN and periodic boundary conditions. As the

number of nodes increases the oscillations of log〈T〉 around the linear fit decrease in amplitude and

match more closely the expected extensivity. One possible explanation for thedeviation from exten-

sivity is that spatial period must be an integer multiple of network size. This hypothesis is supported

by the fact that the most commonly observed asymptotic pattern [2] as well as the oscillation of the

deviation from extensivity of log〈T〉 both have a spatial period of approximately 100 nodes. For

larger networks the deviation from extensivity decreases, since it becomes easier to approximate

any given spatial period with an integer fraction of the network size.

An earlier study showed for the Gray-Scott system that the average lifetimeis related to the

number of unstable transverse modes along a typical trajectory within the synchronization mani-

fold [19]. The number of unstable transverse modes as well as log〈T〉 are extensive quantities.

Both quantities increase linearly with the network size for a given coupling strengthD, and they

both increase linearly with 1/
√

D for a given network sizeN.

3In the Gray-Scott system the probability for local extinction could be associated with the probabilityP of a unit to be
conducive to collapse. Test simulations show that no-flux boundary conditions as well as shortcuts in the network change
locally the probability for local extinctions.

4Transient spatiotemporal chaos can become asymptotic for a constantboundary condition that provides a superthresh-
old perturbation to the excitable reaction-diffusion network [4].
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Figure 3.2. Average transient lifetime〈T〉 versus number of network nodesN for (a) the Gray-Scott
system, (b) the Wacker-Schöll system, and (c) the B̈ar-Eiswirth system. Various boundary condi-
tions were used, including no-flux (+), periodic (̈ ), periodic with shortcut of length 50 (¤), and
periodic with shortcut of lengthN/2 (△). Each data point was determined from at least 104 random
initial conditions. The error bar (1 standard deviation, not plotted here) for each data point is of the
order of〈T〉 [19]. The lines show least squares linear fits of the average transient lifetimes. The lin-
ear fit includes the range of network sizesN for which the average lifetime was consistently greater
than 104, in order to exclude artifacts from the exaggerated significance of boundary conditions for
small N. The lifetimes for smallN can also be affected by the initial transient before the chaotic
saddle is reached. All the other parameters and simulation procedures arethe same as in Fig. 3.1.
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Chapter 4

Lyapunov Exponents

4.1 Definition

Informally the first, or largest, Lyapunov exponent represents the rateat which almost any infinites-

imal perturbation will grow over time, or in other words the rate at which two identical systems with

nearly identical initial conditions will diverge. Suppose thatfT is a function mapping an initial state

x(t = 0) to the corresponding state at timet = T. An identical system with nearby initial conditions

x(t = 0)+ ǫy(t = 0) will then evolve as

x(t = T) + ǫy(t = T) = fT
(

x(t = 0)+ ǫy(t = 0)
)

(4.1)

= x(t = T) + ǫJTy(t = 0)+O(ǫ2) (4.2)

whereJT is the Jacobian offT ,

JT ≡ dfT(x)
dx

∣

∣

∣

∣

∣

∣

x(t=0)

. (4.3)

Therefore, to first order inǫ,

y(t = T) = JTy(t = 0). (4.4)

They are calledperturbation vectorsor tangent vectors. The average rate at which variousy grow

or shrink over time is given by theLyapunov exponentsλi (with i ∈ {1, . . . ,dimx}). The existence

of the Lyapunov exponents is given by the Oseledets theorem.

Let µ be an invariant measure. The Oseledets theorem [30] states that forµ-almost allx and for

all y , 0, the limit

λ = lim
T→∞

1
T

log
|JTy|
|y| (4.5)

exists and assumes up toN different values whereN is the dimension of the state space. The limit

value depends ony but not onx (with the caveat that thetheorem itselfapplies only for almost all

x). If λ1 > . . . > λm are the different possible limits then the initial perturbations leading to limits

λ ≤ λi form a sequence of nested subspacesRN
= W1 ⊃ . . . ⊃ Wm ⊃ {∅}. In other words, the initial

perturbationsy ∈Wi \Wi+1 will yield λ = λi . The Oseledets theorem actually applies to a wide class

of matrix-valued functions, but when applied to the Jacobian matrix gives theLyapunov exponents.
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4.2 Computation of Lyapunov Exponents I - Theory

Since the setW1 \ W2 covers almost all of tangent space, it follows that almost all perturbations

grow at a rate given by the largest Lyapunov exponentλ1 (sometimes referred to astheLyapunov

exponent). A randomly chosen perturbation vector will therefore almost certainly expand at rateλ1.

Within theW2 subspace, almost all perturbations are contained withinW2 \W3 and so will grow at

a rate ofλ2. A unit disk centered at the origin in tangent space and given a random orientation will

therefore almost certainly have most of its circumference contained inW1\W2 but intersectW2\W3

along a single diameter. The disk (which actually turns into an ellipse) will then grow at rateλ1

along one axis and at rateλ2 along the other axis, so its area will grow at rateλ1λ2. Since tangent

space is linear, any shape that is coplanar with the disk will expand (or contract) in area at the same

rate [31].

Consider now a set{y1, . . . , yN} of randomly chosen tangent vectors. Any individual vector (for

exampley1) will grow in length at rateλ1. Any pair of vectors (for exampley1 andy2) will define a

parallelogram which will grow in area at rateλ1λ2. Any set of three vectors (for exampley1, y2, and

y3) will define a parallelepiped having a volume that grows at rateλ1λ2λ3. In principle, observing

the evolution of a set ofN tangent vectors gives enough information to compute{λ1, . . . , λN}.
In practice this näıve method will lead to ill-conditioned shapes whose volumes cannot be com-

puted in an accurate way. All of the perturbation vectors will grow exponentially at rateλ1 and will

tend to align along the direction of most rapid growth. The parallelogram defined byy1 andy2 will

technically have area approachingeλ1λ2t as timet → ∞, but will rapidly be stretched into the shape

of a thin needle whose area cannot be reliably computed. Numerical errors will completely swamp

the λ2 factor. The solution is to periodically normalize and orthogonalize the set of perturbation

vectors using the Gram-Schmidt process. Orthonormalization causes the parallelotopes to become

hypercubes of area 1 and the vectors become well conditioned from a computational perspective.

The crucial property of the Gram-Schmidt transformation is that the resultant parallelotopes will

have hypervolume that grows proportionately the same as it would have in theabsence of the or-

thonormalization process.

TheGram-Schmidt processconsists of subtracting from each vectorym its projection onto each

of the previous vectors{yn}1≤n<m to produce vectorsvm which are all orthogonal to each other. The
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vm vectors are then normalized to produce orthonormal vectorsum:

v1 = y1 (4.6)

u1 = v1/|v1| (4.7)

v2 = y2 − 〈y2 | u1〉u1 (4.8)

u2 = v2/|v2| (4.9)

v3 = y3 − 〈y3 | u1〉u1 − 〈y3 | u2〉u2 (4.10)

u3 = v3/|v3| (4.11)

etc.

The parallelotopes generated by the set of vectors{v1, . . . , vm} for m ≤ N have the same hyper-

volume as the original set of vectors{y1, . . . , ym}, and this hypervolume is equal to
∏m

i=1|vi |. The

vectors{u1, . . . ,um}, being orthonormal, generate a hypercube of hypervolume 1. This process, as

stated in Eq. (4.6)-(4.11), tends to have poor numerical stability. Fortunately this is easily fixed by

using what is probably the easiest numerical implementation of the above equations, in which the

values of the vectors are progressively updated in-place and the updated value used for the next

projection operation. See [32] for details.

The process forcomputing the Lyapunov spectrumis as follows. First, an arbitrary set of or-

thonormal perturbation vectors{u(0)
1 , . . . ,u

(0)
N } is chosen. For each iterationk, the{u(k−1)

1 , . . . ,u(k−1)
N }

vectors are evolved for a time∆T using the linearized equations of motion to produce{y(k)
1 , . . . , y

(k)
N }

which are orthonormalized using the Gram-Schmidt process to produce{v(k)
1 , . . . , v

(k)
N } and{u(k)

1 , . . . ,u
(k)
N }.

The volume expansion during this time of eachm-dimensional parallelotope is given by

s(k)
m =

m
∏

i=1

|v(k)
i |, (4.12)

with m ∈ {1, . . . ,N}. These{s(k)
1 , . . . , s

(k)
N } values are stored and the{u(k)

1 , . . . ,u
(k)
N } are used for the

next iteration. AfterK iterations the total volume expansion of them-dimensional parallelotope is

given by

S(K)
m =

K
∏

k=1

s(k)
m . (4.13)
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Since anm-dimensional parallelotope expands at an average rate of
∑m

n=1 λn, the Lyapunov expo-

nents satisfy the relation

m
∑

n=1

λn = lim
K→∞

1
K∆T

ln S(K)
m (4.14)

= lim
K→∞

1
K∆T

K
∑

k=1

ln s(k)
m (4.15)

= lim
K→∞

1
K∆T

m
∑

i=1

K
∑

k=1

ln|v(k)
i |. (4.16)

Therefore the individual Lyapunov exponents are given by

λm = lim
K→∞

1
K∆T

K
∑

k=1

ln|v(k)
i | (4.17)

= lim
K→∞

1
T

K
∑

k=1

ln|v(k)
i |. (4.18)

4.3 Computation of Lyapunov Exponents II - Implementation

Figure 4.1 presents a pseudocode implementation of the algorithm outlined in the previous section.

It is assumed that the dynamical system is of the formẋ = f(x), although the same recipe should

work for systems that depend explicitly on time. In the case of a reaction-diffusion network, the

state vectorx and perturbation vectorsyi each have one element for each variable of each node.

For example, the Gray-Scott model has two variables per node, so in a network with 100 nodes the

vectors would be dimension 200. TheJ(t) are the Jacobians off evaluated atx(t).
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constant∆t ← time step

constantTrn ← renormalization interval (eg. 1000∆t)

constantM ← number of Lyapunov exponents to compute (≤ dimx)

x← random initial condition

y1, . . . , yM ← random orthonormal vectors

t ← 0 (time variable)

a1, . . . ,aM ← 0 (Lyapunov accumulators)

main loop (to be executed until satisfactory convergence has been achieved):

iterate for timeTrn (i.e. forTrn/∆t steps):

propagatex usingẋ = f(x) with Runge-Kutta integration

compute JacobiansJ(t), J(t + ∆t/2), J(t + ∆t)

for i ∈ {1, . . . ,M}:
propagateyi usingẏi = Jyi with Runge-Kutta integration

t ← t + ∆t

orthonormalize perturbations:

for i ∈ {1, . . . ,M}:
ai ← ai + log(|yi |)
yi ← yi/|yi |
for j ∈ {i + 1, . . . ,M}:

y j ← y j − 〈yi | y j〉yi

compute Lyapunov exponents:

for i ∈ {1, . . . ,M}:
λi ← ai/t

write Lyapunov exponents to output file

Figure 4.1. Pseudo-code for computation of Lyapunov exponents

Runge-Kutta integration of theyi requires the JacobiansJ(t), J(t + ∆t/2), andJ(t + ∆t). Com-

putation of these Jacobians requires knowledge ofx(t), x(t+∆t/2), andx(t+∆t) which in turn must

be obtained using Runge-Kutta integration. Therefore, the process ultimately requires evaluation of

f at time substeps oft, t + ∆t/4, t + ∆t/2, t + 3∆t/4, andt + ∆t. The result ofx(t + ∆t) obtained in

this process can be used to propagatex. Additionally, the values ofx(t + ∆t) andJ(t + ∆t) can be
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saved and used asx(t) andJ(t) during the next iteration, although the efficiency gained by doing so

may not justify the additional code complexity involved.

Code efficiency:

• In the case of a typical reaction-diffusion network the dimension ofx may be on the order of

100-1000 or more, rendering the operationJyi extremely inefficient. Fortunately, the Jacobian is

separable in this case (as long as the diffusion term is linear) into reaction components that operate

within each node and a diffusive component that operates between neighboring nodes. Ifx1, . . . , xN

are the per-node components of the state variablex then in the case of a reaction-diffusion network

ẋ = f(x) can be written
dxn

dt
= Fn(xn) + D

N
∑

j=1

Gn jHx j , (4.19)

and ify1, . . . , yN are the per-node components of some perturbation vectory thenẏ = Jy reduces to

dyn

dt
= JFn|xn

yn + D
N
∑

j=1

Gn jHy j (4.20)

whereJFn|xn
is the Jacobian ofFn evaluated atxn. Since dimxn is typically on the order of 2-3, the

matrix multiplication is much more manageable in this form.

• Although it is technically suitable to choose completely random initial perturbations yi and

any initial statex in the attractor’s basin of attraction, some strategic choices can speed up theinitial

convergence of the Lyapunov exponents. The best choice for the initial statex would be something

that will quickly converge to the attractor without making any large detours. The initial perturbations

yi should be chosen to in some way resemble the actual Lyapunov vectors. That is to say that the first

few (y1, y2, . . .) should be chosen such that they can be expected to grow in magnitude, orat least

to not quickly decrease in magnitude. For instance, choosing Fourier modes with frequencies being

assigned in order toy1, y2, . . . would be a good choice because these resemble the eigenvectors of

the diffusion term. Delta functions would be a poor choice because they would all rapidly decrease

in magnitude due to the diffusion term for quite some time before aligning themselves in a more

natural direction. This would give the initial Lyapunov accumulators a largenegative bias. Any

initial bias will cause an error in the final result that decreases slowly (witha rate on the order of

Θ(T−1)).

• The choice ofM (number of Lyapunov exponents to compute) can dramatically affect the

runtime of the algorithm. For smallM execution time is dominated by the Runge-Kutta integrations
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which collectively have a runtime that grows asΘ(∆t−1T M dimx). For largerM the Gram-Schmidt

orthonormalization dominates and runtime grows asΘ(T−1
rn T M2 dimx). It is therefore advantageous

to compute only as many Lyapunov exponents as needed. Computation of Lyapunov dimensionDL

(to be discussed in the following section) requires computation ofM > DL Lyapunov exponents. A

good strategy is to make an educated guess of the value ofDL, chooseM somewhat larger than this,

run the simulation for a while to get a refined value ofDL, and then use a value ofM somewhat

larger than that for the final (lengthy) simulation.

4.4 Lyapunov spectrum and related quantities

Measures that quantify chaotic attractors can also characterize chaotic saddles (transient spatiotem-

poral chaos) for large network sizes, if the lifetimes are long enough forthe measures to con-

verge. The Lyapunov spectra for the reaction-diffusion networks in Eq. (2.1) were computed

numerically [31] from infinitesimal displacement vectorsyn about xn that evolve according to
∂yn
∂t = J|xn

yn + D
∑N

j=1 Gn jHy j , where J|xn
is the Jacobian ofF evaluated atxn. With periodic

Gram-Schmidt orthonormalization of theyn vectors everyTrn time units, and with the logarithm

of the corresponding normalization coefficients being added to a running tallyβi , the (finite time)

Lyapunov exponents are given byβi/t for any timet [31]. Fourier modes were used as initial pertur-

bations, although the choice of initial perturbation should have little effect on the final result [31].

A renormalization interval ofTrn = 3 time units was used in all cases, and simulation times var-

ied between 2.8×105 and 5.6×106 time units. The Lyapunov spectra were robust to changes in

renormalization interval and integration timestep1. Some of the systems collapsed into a steady or

periodic state part way through the simulation2. If the largest Lyapunov exponent for a gliding win-

dow of length 3000 time units fell below zero, all samples after the beginning ofthis window were

discarded. Figure 4.2 shows a typical convergence behavior of a Lyapunov exponent; it happens

slowly. The convergence error was estimated as the maximum difference between the final (finite

1Computation of Lyapunov exponents can be sensitive to integration timestepand time between renormalization [16].
One representative system for each of the three models (Gray-Scott, Bär-Eiswirth, and Wacker-Schöll) was run with an
integration timestep 5 times smaller and then with a renormalization interval 5 timesshorter. In all cases the difference in
either Lyapunov dimension or sum of positive Lyapunov exponents between the trial and the baseline cases was less than
1.8 times the estimated convergence error.

2Runs that survived for a time less than 5× 106
∆t were discarded under the assumption that not enough data would

be available to get a reliable value for the Lyapunov exponents. Additionally, each system is run to time 10000∆t before
perturbation vectors are followed to minimize the significance of the initial period before the chaotic saddle has been
reached, and the perturbation vector data gathered in the first 4500 time units was discarded in order to allow the vectors
to align in a natural way.
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time) Lyapunov exponent and any intermediate value from the second half of the simulation.
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t

Figure 4.2. Convergence behavior of the largest (finite time) Lyapunov exponentλ1 for the Gray-
Scott system with simulation timet. This convergence behavior is typical for Lyapunov exponents
in all three models. The error is estimated by computing the maximum difference between the final
value and any value from the second half of the simulation.

Spatiotemporal chaos is said to be extensive if the spectrum of Lyapunov exponentsλi con-

verges to a functionf (i/N) that is intensive. This implies that the attractor dimension increases in

proportion to the system sizeN and that a dimension density exists [12]. We will show that transient

spatiotemporal chaos also fulfills these criteria for all three models.

Figure 4.3 shows asingle Lyapunov exponentλi for each network sizeN, with the indexi =

N/20
√

D + 1 scaled in proportion to the network sizeN. λN/(20
√

D)+1 converges withN in good

approximation. This behavior is consistent with the spectrum of Lyapunov exponents converging to

a function that is intensive, and with the existence of a Lyapunov spectrumdensity. Qualitatively

similar convergence behavior was found for the Lyapunov spectrum in the Bär-Eiswirth model and

in the Wacker-Scḧoll model.

The Lyapunov dimension(DL) is conjectured to be equal to the information dimension for

typical attractors [33]; it is defined as

DL = j +
λ1 + . . . + λ j

|λ j+1|
, (4.21)

where j is the largest integer for which
∑ j

i=1 λi > 0. For chaotic saddles the information dimension

has a correction term proportional to the escape rate, which is negligible forlarge enough system
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sizes such as those considered in this paper [34].

Figure 4.4(a) shows that the Lyapunov dimensionDL increases linearly with the network size

N for all three reaction-diffusion network models with varying system parameters. The deviation

of theDL-values from linearity was small for all systems studied; a representative example for the

Gray-Scott system is given in fig. 4.4(b). These findings indicate thatDL is an extensive quan-

tity during the transient phase of spatiotemporal chaos. Extensive transient spatiotemporal chaos

in these models was also found for various boundary conditions, includingperiodic and no-flux

boundary conditions as well as periodic with the presence of shortcuts in the network. The results

are summarized in Table 4.1.
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Figure 4.3. The scaled index Lyapunov exponentλN/(20
√

D)+1 vs. network sizeN for the Gray-Scott
system. Lyapunov exponents are indexed starting fromλ1, and linear interpolation is used in cases
where the indexi = N/20

√
D + 1 is not an integer. The multiple data points for certain values of

N correspond to different initial conditions and are close together. All the other parameters arethe
same as in Fig. 3.1(a). The dotted line is included as a visual aid.
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Figure 4.4. Various extensive quantities vs. network sizeN: (a) Lyapunov dimensionDL versus
network sizeN for five systems with periodic boundary conditions: Bär-Eiswirth model withα =
0.84, β = 0.07, ǫ = 0.12, D = 16 (×), Gray-Scott model (φ = 2.8, D = 16) with µ = 33.5 (¤),
µ = 33.7 (+), µ = 33.9 (̈ ), and Wacker-Scḧoll model withα = 0.02, τ = 0.05, j0 = 1.21, d = 8,
D = 0.25 (△). The Lyapunov dimension for the Bär-Eiswirth model (×) and the Gray-Scott model
(µ = 33.7, +) have very similar values, making them hard to distinguish in the graph, although
their Lyapunov spectra are different. The full lines correspond to a least square linear fit of the
corresponding data points. The error for each data point, not plotted in the figure, was estimated
by computing the maximum difference between the final value ofDL and any intermediate value
from the second half of the simulation; errors were smaller than 2.5% of the data point values and
typically less than 0.3% for Gray-Scott and B̈ar-Eiswirth systems. (b) Deviation ofDL-values from
the linear fit in (a) for the Gray-Scott system withµ = 33.7. For this systemDL was calculated for
different initial conditions for each network sizeN to estimate the convergence behavior. These data
points were plotted in both figures, (a) and (b), but they are too close to bedistinguished in (a). The
horizontal line represents the y-intercept of the linear fit, which was not subtracted when plotting
deviation from the linear trend. (c) Sum of positive Lyapunov exponentsΣ

+ versus network sizeN
for the same systems as in (a). The values for the Wacker-Schöll system have been multiplied by 20
to improve clarity.



20

Table 4.1. Summary of Lyapunov dimensionDL and sum of positive Lyapunov exponents
∑

+ for the B̈ar-Eiswirth (BE) model
(α = 0.84, β = 0.07, ǫ = 0.12), the Gray-Scott (GS) model (µ ∈ {33.5,33.7,33.9}, Φ = 2.8), and the Wacker-Schöll (WS) model
(α = 0.02, τ = 0.05, j0 = 1.21, d = 8) for different system parameters and different boundary conditions. A least square linear fit
was made forDL andΣ+ versus network sizeN, and a least square linear fit was made forDL andΣ+ versus 1/

√
D with coupling

parameterD. A least square constant fit was done forDL andΣ+ for fixed effective system sizesN/
√

D = constant.
System Fixed Boundary Linear fit for DL RMS error Linear fit forΣ+ RMS error

Parameter Condition of fit of fit

BE N=500 Periodic −1.499+ 128.9/
√

D 0.2421 −0.06705+ 3.818/
√

D 0.007420

BE D=16 Periodic −0.2175+ 0.06151N 0.03850 −0.02241+ 0.001807N 0.002020

BE N√
D
=250 Periodic 62.15 0.7946 1.813 0.02769

WS D=0.25 No-flux 0.9767+ 0.03539N 0.3115 0.001189+ 1.791× 10−5N 0.0003796

WS D=0.25 Periodic 0.2272+ 0.03606N 0.2304 0.0001183+ 1.890× 10−5N 0.0003587

WS N√
D
=2000 Periodic 36.99 0.6054 0.02022 0.001271

GS,µ=33.5 N=500 Periodic −0.05447+ 130.5/
√

D 0.01766 −0.03049+ 2.872/
√

D 0.004593

GS,µ=33.5 D=16 Periodic −0.1074+ 0.06540N 0.02012 −0.01160+ 0.001393N 0.002511

GS,µ=33.5 N√
D
=250 Periodic 65.05 0.2733 1.450 0.07389

GS,µ=33.7 N=500 Periodic −0.07992+ 122.4/
√

D 0.01723 −0.01816+ 2.281/
√

D 0.001831

GS,µ=33.7 D=16 Periodic −0.1148+ 0.06125N 0.02296 −0.01462+ 0.001126N 0.003871

GS,µ=33.7 N√
D
=250 Periodic 61.11 0.03848 1.138 0.04028

GS,µ=33.7 D=16 No-flux 0.3643+ 0.06126N 0.007197 0.01095+ 0.001122N 0.001092

GS,µ=33.7 D=16 Shortcut,

k = 50

−1.528+ 0.06121N 0.02385 −0.03057+ 0.001117N 0.001562

GS,µ=33.7 D=16 Shortcut,

k = N/2

−1.233+ 0.06124N 0.02963 −0.04299+ 0.001118N 0.004419

GS,µ=33.9 N=500 Periodic −0.08079+ 103.3/
√

D 0.03807 −0.01055+ 1.203/
√

D 0.002227

GS,µ=33.9 D=16 Periodic −0.1022+ 0.05175N 0.01903 −0.009298+ 0.0006021N 0.001796

GS,µ=33.9 N√
D
=250 Periodic 51.63 0.07226 0.5970 0.01081
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Thesum of positive Lyapunov exponents(
∑

+) represents an upper bound for the Kolmogorov-

Sinai entropy [33]. For chaotic saddles this upper bound can be refined by subtracting the escape

rate [35]. Figure 4.4(c) and Table 4.1 show that
∑

+ is an extensive quantity for all three models

with varying system parameters and boundary conditions.

The Gray-Scott system was simulated for four different boundary conditions: periodic, no-flux,

periodic with an added shortcut in the network of lengthk = 50 (k << N), and with an added

shortcut of lengthk = N/2. Table 4.1 shows that the rate at which the Lyapunov dimensionDL

(and also
∑

+) increases with the network sizeN is rather independent of these boundary conditions,

but theirY-intercepts are significantly different for different boundary conditions. This is consistent

with the finding in Sect. III for the rate at which the average transient lifetimes〈T〉 increase with

N. For a fixed network size, Fig. 3.2 and Table 4.1 reveal that〈T〉, DL, and
∑

+ are largest for

no-flux boundary conditions, second largest for periodic boundaryconditions, and third largest for

the presence of a shortcut in the network. There are, however, differences in the rankings for〈T〉,
DL, and

∑

+ for the two different types of shortcut length.

In the following we present a qualitative argument for why the linear fit of Lyapunov dimension

DL vs. network sizeN has nearly zero Y-intercept for all systems with periodic boundary condi-

tions, as seen from Fig. 4.4(a) and Table 4.1. If we assume that subsystems in reaction-diffusion

networks do not interact across large distances, the Lyapunov dimension should not be affected by

transformations that alter the global topology but conserve the local network structure and the total

number of nodes. Figure 4.5 shows such a transformation that turns two networks of N nodes into

one network of 2N nodes. Since the Lyapunov dimension is additive among non-connected systems

we expect thatDL(2N) = 2DL(N). Together with the linear ansatz,DL = aN + b, it follows that

b = 0. This indicates that the Lyapunov dimension for very large system sizes and long simulation

times follow a linear law with zero intercept. For systems with no-flux boundary conditions this line

of reasoning is not valid since two such systems cannot be combined into onewithout changing the

local structure (i.e. two of the no-flux boundaries would have to be removed).

For a ring network we also vary the coupling parameterD while keeping the network sizeN

fixed. We find that the Lyapunov dimensionDL as well as the sum of positive Lyapunov expo-

nents
∑

+ increase linearly with 1/
√

D for all three reaction-diffusion networks and various system

parameters (Table 4.1).

The general characteristics of the reaction-diffusion networks in Eq. (2.1) is conserved ifN and
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D vary such thatN/
√

D is fixed (Sect.II). Table 4.1 shows that in this caseDL as well as
∑

+ are con-

stant for a wide range ofN- andD-values. Figure 4.6 also confirms for the Bär-Eiswirth model that

the Lyapunov dimension is constant over a range of coupling parametersD, whenN/
√

D is fixed.

Significant deviations from a constant Lyapunov dimension exist for smallvalues ofD, where the

network model deviates significantly from the continuum model.DL was about 58 percent higher

whenD = 0.3136 compared to the regime of constant dimension [Fig. (4.6)]. Two simulations with

different initial conditions were made for each of the coupling parameters,D = 4 andD = 16,

and the results are close enough that the difference between the two simulations is difficult to see

on the graph in Fig. (4.6). For the Gray-Scott systems (with three different system parameters, Ta-

ble 4.1) the Lyapunov dimension was constant (within 1.4%) for coupling parametersD even down

to D = 1, which is close to the point where the system can no longer support chaos (D ≈ 0.7). The

Wacker-Scḧoll system had a variation inDL of about 4% and a variation inΣ+ of about 19% over

the range of coupling parameters, 0.04≤ D ≤ 0.25, that are close to the value for which the system

can no longer support chaos. The qualitative behavior ofΣ
+ was similar to that ofDL, but in general

had larger relative variations.

The qualitative argument for why the range ofD for which DL and
∑

+ are constant is bounded

from below for all three reaction-diffusion networks follows from the excitability property. IfD is

low enough, the coupling term in Eq. (2.1) can no longer provide superthreshold perturbations to

perturb the system away from the stable rest state and sustain spatiotemporal chaos.

Figure 4.5. A transformation from two ring networks ofN nodes into one network of 2N nodes,
without changing the local network structure or the total number of nodes.
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Figure 4.6. Lyapunov dimensionDL vs. coupling constantD for the B̈ar-Eiswirth ring network
(α = 0.84, β = 0.07, andǫ = 0.12). The effective system size was held constant by varying the
number of nodesN according toN/

√
D = 250. This system had particularly large deviations from

constantDL for small D. The dotted line is included as a visual aid.
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Chapter 5

Combining lifetime and Lyapunov quantities

5.1 Chaotic saddle as quasi-attractor

Hunt, Ott, and Yorke have conjectured a formula for computing the dimension of the stable and

unstable manifolds (Ds,Du) of a chaotic saddle based upon the Lyapunov spectrum and escape

rate [34]. In the case of very low escape rate their formula reduces to [18]

Ds = 2N − κ
λ1

and (5.1)

Du = DL −
κ

|λ j+1|
,

where 2N is the dimension of the phase space,κ = 〈T〉−1 is the escape rate,λ1 is the largest

Lyapunov exponent,DL is the Lyapunov dimension, andj is the largest integer for which
∑ j

i=1 λi >

0.

When the lifetime is long enough that computation of the Lyapunov spectrum is feasible, the

stable manifold has dimension nearly equal to that of the entire phase space and the unstable mani-

fold has dimension nearly equal to the Lyapunov dimension of the saddle. For instance in the case

of the Wacker-Scḧoll ring network (α = 0.02,τ = 0.05, j0 = 1.21,d = 8, D = 0.25) with N = 600

nodes,〈T〉 = 4.19× 105, λ1 = 0.00276, j = 22, and withλ23 = −0.00321, the stable and unstable

manifold of the chaotic saddle have dimensions

Ds = 2N − 0.000865,

Du = DL − 0.000744, with DL = 22.02± 0.14.

The uncertainty due to convergence ofDL is approximately 0.14, which is more than two orders of

magnitude larger than the corrections. AsN→ ∞ we haveκ → 0 and soDs→ 2N andDu→ DL.

For the B̈ar-Eiswirth ring network (α = 0.84, β = 0.07, ǫ = 0.12, D = 16) with N = 400 nodes

, 〈T〉 = 7.01× 105, λ1 = 0.131, j = 24, and withλ25 = −0.129, the dimension of the stable and

unstable manifold are

Ds = 2N − 0.0000109,

Du = DL − 0.0000111, with DL = 24.386± 0.053.

For the Gray-Scott ring network (µ = 33.7,Φ = 2.8, D = 16) withN = 200 nodes ,〈T〉 = 1.64×106,
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λ1 = 0.0792, j = 12, and withλ13 = −0.107, the dimension of the stable and unstable manifold are

Ds = 2N − 0.00000770,

Du = DL − 0.00000568, with DL = 12.124± 0.012.

Following the argumentation by Tel and Lai [18], the chaotic saddle behaves like a quasi-

attractor for all three models, since the unstable manifold of the chaotic saddlehas nearly the same

dimension as the saddle (Du ≈ DL), and since the stable manifold is nearly space-filling, i.e. the

stable manifold nearly forms a basin of attraction for the quasi-attractor. In addition, the dimen-

sion of the chaotic saddle is very close to the dimension of an attractor with the same Lyapunov

spectrum [18].

5.2 Intensive quantities

Densities can be defined from the extensive quantitiesDL and log〈T〉. The(Lyapunov) dimension

density(δD) is given by

δD = lim
N→∞

N−1DL, (5.2)

which describes the number of active degrees of freedom per unit volume [14]. Likewise,the log-

lifetime densityδT is defined as

δT = lim
N→∞

N−1 ln 〈T〉. (5.3)

From Sect. V it follows that thedimension density of the stable manifold of the chaotic saddle[18],

δs = Ds/N, is aboutd = 2 for all our model systems, sinceDs ≈ 2N in Eq. (5.1) with 2N the

dimension of the phase space and withd = 2 the dimension of the uncoupled dynamical system

in Eq. (2.1). Thedimension density of the unstable manifold of the chaotic saddle, δu = Du/N, is

aboutδu = δD sinceDu ≈ DL for all our model systems. Due to these similarities we focus on the

dimension of the chaotic saddle (δD ) in the following.

Table 5.1 shows that the dimension densities are rather small for the chaotic saddle in all model

systems, reflecting a low degree of freedom per network node. This is consistent with an earlier

study by Strain and Greenside [3] for the Bär-Eiswirth model in two spatial dimensions. Table 5.1

also reveals that the dimension densityδD does not depend on the boundary condition. The log-

lifetime densityδT is also rather low for all model systems with a dependence on boundary condi-

tions that appears to decrease asN→ ∞.
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Table 5.1. Log-lifetime densityδT and Lyapunov dimension densityδD for the B̈ar-Eiswirth (BE)
model (α = 0.84, β = 0.07, ǫ = 0.12, D = 16), the Gray-Scott (GS) model (µ = 33.7, Φ = 2.8,
D = 16), and the Wacker-Schöll (WS) model (α = 0.02,τ = 0.05, j0 = 1.21,d = 8, D = 0.25) for
different boundary conditions. Points were only considered for the linear fitif they were within the
range ofN for which 〈T〉 was consistently larger than the cutoff value.

System Cutoff Boundary Condition δD δT σ = δT/δD

BE 104 Periodic 0.0615 0.0309 0.502

GS 104 No-flux 0.0613 0.0685 1.12

GS 104 Periodic 0.0613 0.0831 1.36

GS 104 Shortcut,L = 50 0.0612 0.0818 1.34

GS 104 Shortcut,L = N/2 0.0612 0.0820 1.34

WS 104 No-flux 0.0354 0.00632 0.179

WS 104 Periodic 0.0361 0.00689 0.191

BE 105 Periodic 0.0615 0.0292 0.474

GS 105 No-flux 0.0613 0.0718 1.17

GS 105 Periodic 0.0613 0.0788 1.29

GS 105 Shortcut,L = 50 0.0612 0.0839 1.37

GS 105 Shortcut,L = N/2 0.0612 0.0757 1.24

WS 105 No-flux 0.0354 0.00613 0.173

WS 105 Periodic 0.0361 0.00576 0.160
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We qualitatively relate the densities to properties of the weakly coupled subsystems in extensive

transient spatiotemporal chaos. The exponential scaling of the averagelifetime with the network

size (Type-II supertransients, [18]) can be qualitatively explained byassuming weakly interacting

correlated units of lengthξ, with ξ approximately equal to the correlation length of the system.

At any moment of time each of these units is conducive to loss of chaos with probability P. Spa-

tiotemporal chaos collapses when all units are in such a conducive state [18], which happens with

probabilityPN/ξ. The lifetime takes the form

〈T〉 ∼ P−N/ξ
= e−(ln P) N

ξ . (5.4)

With Eq. (5.3) follows

δT =
− ln P
ξ
. (5.5)

for finite N. δT can now be interpreted as having units of number of coin tosses per unit length ξ.

δT has the advantage of being a single computable quantity [from Eq. (5.3)], whereas the intuitive

argument uses two quantities,ξ andP, both of which are open to interpretation. The ratio (σ) of

these densities

σ = δT/δD (5.6)

defines an intensive quantity that depends neither on the network sizeN nor on the coupling constant

D, since〈T〉 as well asDL is proportional toN/
√

D from Sect. IV. IfδT is interpreted as having

units of number of coin tosses per unit length andδD is interpreted as being the number of active

degrees of freedom per unit length, thenσ has units of number of coin tosses per active degree

of freedom. This quantity is significant because it is intensive and independent of the coupling

strength, and thus suggests that transient spatiotemporal chaos in reaction-diffusion networks with

homogeneous network structure can be understood from its local dynamics.

Combining Eqs. (5.3) and (5.6) to

〈T〉−1
= e−σDL = (e−σ)DL (5.7)

leads to an intuitive argument for the escape rate from the chaotic saddle in the limit N → ∞,

if we assume thatσ is given. Equation (5.7) can be interpreted as the volume of a hypercube of

width e−σ, if we ignore that the dimension of the chaotic saddle is fractal, and if we ignore that

DL is only approximately the fractal dimension. This hypercube can be considered as a hole in the
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chaotic saddle through which a trajectory can escape into a nonchaotic state. Larger systems have

an attractor which resembles a set product of smaller systems, and the escape hole resembles a set

product of identical low dimensional boxes with edges that have a geometricmean ofe−σ.
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Chapter 6

Conclusions

A systematic study reveals that transient spatiotemporal chaos is extensivein three reaction-diffusion

networks with various boundary conditions. The Lyapunov dimension, thesum of positive Lya-

punov exponents, and the logarithm of the transient lifetime grow linearly with system size. This

indicates that even in the case of transient dynamics the larger systems act as if they were com-

prised of weakly interacting and statistically similar subsystems, with no new collective phenomena

arising when such subsystems connect together. This might open up the possibility for modeling

transient spatiotemporal chaos with statistical mechanics [17].

The effective system size for a network withN nodes and coupling parameterD is determined by

N/
√

D. For a wide variety of coupling parameters and network sizes the number ofactive degrees of

freedom (expressed in the Lyapunov dimension) stays constant as longas the effective system size

is fixed. An upper bound for the entropy (expressed by the sum of positive Lyapunov exponents) is

also constant for fixed effective system size. Unless the coupling parameterD is sufficiently small,

the network model approaches the continuum model.

The spontaneous collapse of spatiotemporal chaos points to the coexistence of a chaotic saddle

with the regular attractor(s). Applying the dimension formulas of Hunt, Ott andYorke [34], we find

for all three models that the dimension of the unstable manifold of the chaotic saddle is nearly the

dimension of the chaotic saddle, and the stable manifold of the chaotic saddle is nearly space-filling.

Thus the chaotic saddle behaves like a quasi-attractor according to Tél and Lai [18].

For extensive transient spatiotemporal chaos a dimension density and a log-lifetime density can

be defined. A qualitative argument relates the escape rate from the chaoticsaddle to a hole through

which a trajectory can escape into a non-chaotic state. This hole has the form of a hyperrectangle;

its dimension is the Lyapunov dimension, and its width is determined by the ratio of log-lifetime

density and dimension density.

The boundary conditions seemingly do not affect the dimension density and the log-lifetime

density, but do affect the x-intercept of the graphs of Lyapunov dimension versus networksize and

log-lifetime versus network size. It would be interesting to study whether the choice of boundary

conditions shifts both the Lyapunov dimension and the log-lifetime graphs by thesame number of

nodes. In this case boundary conditions would change the effective network size. Unfortunately,

since the computation time required to compute average lifetime grows exponentiallywith the net-
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work size, the range of network sizes that are currently computationally accessible by supercom-

puters is not sufficient to determine the offset for different boundary conditions accurately enough

because the slopes converge slowly.
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Chapter 7

Outview

In the course of my research I have identified many potential directions thatare worthy of further

study. As far as I know these are all open problems, although I have notdone an extensive search

of the literature for any of them. These areas can for the most part be divided into the categories of

phenomena relating to large networks and those relating to small networks.

Large networks:The evidence provided in this paper, as well as that provided by numerous other

researchers certainly supports the conclusion that reaction-diffusion networks (in either one or two

dimensional configurations) are extensive. It is apparent that the qualitative dynamics of any local

area are not affected in any observable way by distant parts of the network. It is therefore reasonable

to hope that certain quantities, such as Lyapunov dimension density or log-lifetime density, should

be computable through observation of only a small part of a network. Thatsuch techniques have

not been developed is however probably not due to a lack of trying. I suggest that a possible first

step forward would be to seek out an understanding of the shape of a chaotic attractor in terms

of local regions of a network. Disjoint networks will collectively have an attractor which is just a

Cartesian product of the attractors of the individual sub-networks. Large networks, in many ways

qualitatively resembling collections of smaller networks (as described in the discussion surrounding

Fig. 4.5), should have an attractor that is“almost a Cartesian product”of attractors for smaller

systems. It is not clear to me what exactly “almost a Cartesian product” is supposed to mean.

The difference between the two systems in Fig. 4.5 is in the overall topology of the network and

this is what defines the difference between a Cartesian product and an “almost Cartesian product.”

Once this difference is understood it may be possible to find a natural way of confining perturbation

vectors to a localized region of a network in order to compute localized Lyapunov exponents. The

first Lyapunov vector tends to be confined into a localized packet anyway [36], although the packet

does drift around.

It seems clear to me, although I haven’t verified it, that the concept of extensivity can be ex-

tended to account for boundary conditions and other exotic topologies. In this paper it was shown

that the graph of Lyapunov dimension vs. number of nodes has a y-intercept that depends on bound-

ary conditions and a slope that does not depend on boundary conditions. This can be interpreted to

mean that ordinary parts of the network (i.e. parts that are just a simple linear chain of nodes) have

a certain Lyapunov dimension density and that the exceptional parts of the network (i.e. the bound-
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ary nodes) alter the Lyapunov dimension by a certain constant value. Thisshould be true of more

exotic topologies as well: nodes connecting three or four linear chains together should also have a

constant impact on Lyapunov dimension. It would therefore be possible to build a sort of dictionary

of network connections giving the Lyapunov dimension associated with each linkage. As long as

each of these connections are far enough apart from each other the Lyapunov dimension should just

beδD times the number of nodes plus the values from the dictionary. Networks where the reaction

parameters (eg.φ andµ in the case of the Gray-Scott model) are not constant can be treated in the

same way. In this caseδD becomes a function of the reaction parameters. If the parameters change

gradually, then this is all that is needed. If there is a sharp change in parameter from one node to the

next, then that is just another thing that is to be added to the dictionary. Similar arguments apply for

log 〈T〉.
Small networks:Although reaction-diffusion networks are expected to show extensive behavior

in the limit N→ ∞, the same cannot be said for very small networks. In the extreme case ofN = 1,

chaos is not even possible in a continuous-time two variable system. So how about networks that

are large enough to display chaos, but are still relatively small? Fishman andEgolf demonstrated

that the complex Ginzburg-Landau system in fact shows significant deviations from extensivity for

small networks [17]. The deviations take an exponentially decaying sinusoidal form. The authors

conjecture that this is due to the chaos being made of an integer number of “building blocks.” It

would be interesting to see whether the three systems in the present paper show the same behavior

for small network sizes. Computation of Lyapunov exponents in this regime is hindered by the fact

that the lifetime of the transient chaotic interval is rather short. It is possible however to modify the

Lyapunov exponent computation algorithm to avoid this problem. As the simulationis being run,

a look-ahead is done. Whenever the look-ahead determines that chaos isdestined to end within a

certain time, a tiny random perturbation is added to the system. Different perturbations are tried until

one is found that prevents the loss of chaos. Looking further into the future allows usage of a smaller

perturbation. If the perturbations are done in the subspace of Lyapunov vectors corresponding to

positive Lyapunov exponents, a claim can be made that there was an initial condition that would

have led to the perturbed state. Basically, the trajectory that ends up being followed is very close to

what would be seen if the initial condition was exactly on the chaotic saddle (i.e.if a trajectory had

been chosen that stays on the chaotic saddle for an infinite amount of time).
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The complex Ginzburg-Landau system used by Fishman and Egolf is givenby [17]

d
dt

A = A+ (1+ ic1)
d2

dx2
A− (1− ic3)|A|2A, (7.1)

whereA is a complex number. This system is unique in that the dynamical equations havea U(1)

gauge invariance, which is to say that there is symmetry under multiplication by a complex number

of unit magnitude. The significance of this is that there is an opportunity to introduce a rather exotic

boundary condition. With periodic boundary conditions, a non-local “twist” can be introduced

into the system so that it resembles a sort of Möbius strip. This is accomplished by introducing

a multiplication by a complex number of unit magnitude when thed2

dx2 operator crosses a certain

boundary. If the network is thought of as a torus, with the large circumference corresponding to

the x variable and the small circumference corresponding to the phase of theA variable, then this

is equivalent to breaking the torus, introducing a twist, and then reconnecting it. The twist is not

visible on a local scale, only on a global scale. By the logic surrounding thediscussion of Fig. 4.5,

this should not make a qualitative difference for very large networks. For small networks on the

other hand it does make a difference. I had conjectured that Fishman’s building blocks should need

to attach to each other in some way, and introducing this twist would make them notfit together

in the same way, possibly altering the phase of their deviations from extensivity. The result I had

found was that the deviations did not alter in phase, but rather altered in magnitude. The complex

Ginzburg-Landau system can be extended by using quaternions insteadof complex numbers. In this

case there is aS U(2) gauge invariance (i.e. symmetry under multiplication by a unit quaternion)

and therefore a much richer set of non-local “twists” that can be used.A preliminary low-accuracy

computation seemed to show that the quaternion Ginzburg-Landau system, although qualitatively

similar to the complex Ginzburg-Landau, in fact had no deviations from extensivity.

A line of research that I am currently pursuing involves the scrambling of information as it

travels through a reaction-diffusion network. It is clear that distant areas of a network do not affect

each other in a qualitatively observable way, but I am not aware of any attempt to quantify the

length scales involved in this decoupling. My main line of attack involves statisticalobservations

of nodes at varying distances from network boundaries, specifically averages over time of various

parameters. My experiments have yielded deviations of the time averages of various parameters near

boundaries as compared to corresponding averages far away from the boundaries. Some of these

deviations showed a clear exponential decay as a function of distance from network boundaries.
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The coefficient of this exponential decay defines a novel length scale which determines the distance

over which parts of the network are decoupled from one another.
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